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Abstract
The origin of accelerating expansion of the Universe is one the biggest conundrum of fundamental
physics. In this paper we review vacuum energy issues as the origin of accelerating expansion -
generally called dark energy - and give an overview of alternatives, which a large number of them
can be classified as interacting scalar field models. We review properties of these models both
as classical field and as quantum condensates in the framework of non-equilibrium quantum field
theory. Finally, we review phenomenology of models with the goal of discriminating between them.
Contents
1 Introduction 4
2 Vacuum energy 6
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 New interpretations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Contribution of virtual particles and Standard Model condensates in dark energy . . . 8
2.4 Vacuum as a coherent state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4.1 Vacuum or not Vacuum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3 Quintessence and interaction in the dark sector 11
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Dark energy with wobs . −1 in presence of interaction in the dark sector . . . . . . . . 13
3.2.1 Analytical demonstration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Quintessence from decay of a super-heavy dark matter . . . . . . . . . . . . . . . . . . 16
3.3.1 Perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4 Condensation of a quantum scalar field as the origin of dark energy 18
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.1.1 Formation of a quantum quintessence field . . . . . . . . . . . . . . . . . . . . . 19
4.2 Decomposition and evolution equations . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.3 Quantum state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Solution of evolution equation of quintessence condensate . . . . . . . . . . . . . . . . 25
4.4.1 Initial conditions for propagators . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.4.2 Radiation domination era . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.4.3 Backreaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.4.4 Matter domination era . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.5 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5 Parametrization and test of dark energy models 29
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.2 Nonparametric determination of dark energy evolution . . . . . . . . . . . . . . . . . . 30
5.2.1 Error estimation for nonparametric sign detection . . . . . . . . . . . . . . . . 32
5.2.2 Precision of model discrimination . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.3 Using LSS data for discriminating between dark energy models . . . . . . . . . . . . . 34
5.3.1 Discrimination according to interaction type . . . . . . . . . . . . . . . . . . . 34
5.4 Parameters of background cosmology in interacting models . . . . . . . . . . . . . . . 36
5.5 New parametrization of perturbations in interacting dark energy models . . . . . . . . 37
5.6 Interpretation and comparison with other parametrizations . . . . . . . . . . . . . . . 39
5.7 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
6 A note on the backreaction of perturbations as the origin of dark energy 40
7 Conclusion 42
1 Introduction 4
1 Introduction
The discovery of dark energy is one the most incredible and fascinating stories in the history of science.
In 1917 A. Einstein added an arbitrary constant Λ called the Cosmological Constant to his equation
to obtain a static solution for a homogeneous universe [1]. In 1924 A. Friedman [2] proved that the
static solutions of the Einstein equation are unstable and even the slightest fluctuation of matter
density leads to a collapse or an eternal expansion. The same result was obtained by G. Lemaˆıtre [3]
who explained the newly discovered redshift of distant galaxies by V. Slipher and E. Hubble [5], as
the expansion of the Universe in agreement with the prediction of Friedman and his own calculation
of the expansion rate - the Hubble constant H0. In addition, in 1917 W. De-Sitter [4] showed that
even in absence of matter when Λ 6= 0, the Universe expands if Λ > 0 or collapses if Λ < 0. This is
in contradiction with Einstein gravity theory which associates the curvature of spacetime to matter.
Apparently in early 1920’s Einstein regretted the addition of the Cosmological Constant to his famous
equation. Nonetheless, in a letter to him, Lemaˆıtre considered the idea as genius and interpreted it as
the energy density of the vacuum [6]. Since the introduction of this interpretation, we are struggling
to understand what is the meaning of the counter-intuitive claim of a vacuum that carries energy, and
what its value may be.
For roughly 70 years, depending on the taste of authors, a cosmological constant was added or removed
from Einstein equation. For instance, in the introduction of the famous book Gravitation by C.W.
Misner, K.S. Thorne and J.A. Wheeler written in early 1970’s, the authors compare the Cosmological
Constant with the Pandora Box and say that despite its futility, people continue to discuss it. They
mainly neglect the Cosmological Constant through their book except in a few places. Therefore, it was
a great surprise when in the middle of 1990’s precise measurements of cosmological parameters from
anisotropies of the Cosmic Microwave Background (CMB) [7, 8] and Large Scale Structures (LSS) of
the Universe [9], and direct measurements of H0 using Cepheids variable stars [10] showed that the
Universe is flat but there is not enough matter to explain the expansion rate which is too large for
a flat matter dominated Universe. Such a model leads to a universe younger than some of the old
globular clusters in the halo of the Milky-Way and old elliptical galaxies [11]. In 1998-1999 observations
of supernovae type Ia showed that the expansion of the Universe is accelerating. According to the
Einstein general relativity such a state is consistent only if the average energy density of the Universe
is dominated by a cosmological constant or something that behaves very similar to it, at least since
redshift z ∼ 0.5 i.e. about half of the age of the Universe when its energy density became dominant.
Therefore, a quantity added by hand which failed to provide its initial aim turned to be the dominant
constituent of the Universe today !
Even before the confirmation of the presence of a cosmological constant or something that very closely
imitates it, people had considered the issues that a cosmological constant imposes on our understanding
of fundamental physics and cosmology [25]. They will be discussed in some details in the next section.
Here, we briefly review alternative models which are suggested as the origin of the observed accelerating
expansion of the Universe. They are summarized in Fig. 1. Quintessence models are based on a scalar
field which in the original proposal only interacts with itself. For polynomial potentials of negative
order or exponential potentials with negative exponent a class of solutions called tracking exists,
meaning that at late times they approach to a small but nonzero value of the potential. The equation
state of dark energy parametrized as P = wρ where P and ρ are pressure and density, respectively.
In generic form of quintessence models w > −1. However, estimation of cosmological parameters
from combination of supernovae, LSS and CMB data seems to prefer w . −1. For this reason, various
extensions of pure quintessence models are proposed. They have either a non-standard kinematic term
in their Lagrangian or interaction with other components, notably with dark matter or neutrinos.
Including the Cosmological Constant term in the geometry side of the Einstein equation conceptually
makes it part of gravity. Therefore, an alternative to a cosmological constant may be a modification
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Figure 1: Alternative models of dark energy. The two main categories are quintessence and modified gravity.
Related models are marked by arrows. Their differences are in the details of interaction, potential, symmetries, etc.
Some models can be considered as alternative formulations rather than fundamentally different models. For instance,
a dissipative fluid is similar to an interacting quintessence formulated as a fluid rather than a field. The dash line
between quintessence and modified gravity models indicates the fact that many of specific cases of both models are
based on a scalar field and distinction between the two needs more criteria, see also Sec. 3. Note that models in
this categories can be treated either classically or as quantum models. There are also two smaller separate groups:
holographic models that use holography principle in the context of semi-classical cosmologies, and a last group of
models in which dark energy is assumed to be an induced effect due to the averaging of fluctuations or negligence of
higher order anisotropies. The color of fonts schematically presents closeness of models.
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of the Einstein gravity at cosmological scales. This idea is favored by many authors who consider
both a cosmological constant and a quintessence model as superficial. It is also somehow supported
by history. Einstein gravity was introduced after the discovery of deviation from Newtonian gravity.
Another reason is the fact that curvature dependence in Einstein equation is minimal and higher
order models such as Gauss-Bonnet and scalar-tensor models have been suggested decades before the
discovery of dark energy. Additionally, models inspired by string and brane theories have revived the
idea of modification of the Einstein gravity. Notably, in brane models these modifications can be at
cosmological scales. The most famous model in this category is DGP that associates dark energy to
induced terms from boundary conditions imposed on the 4D spacetime of the visible brane by 5D bulk
in which gravity but not other fields can propagate.
The two other sets of models presented in Fig. 1 are newer and have less supporters, and consequently
less studied. Holographic models are based on the Bekenstein limit on the maximum amount of
entropy in a closed volume and holographic principle. The large entropy of the Universe seems to
violate this conjunction. To solve this apparent contradiction [12] holographic models of dark energy
assume a relation between UV and IR cutoffs in the determination of vacuum energy density. In this
case the vacuum energy density becomes a constant comparable to the observed dark energy. This
apparently simple solution has several problems, notably the relation between scales is arbitrary and
it cannot provide w . −1 because the entropy or temperature would be negative.
As for the effect of anisotropies, the claim is that we live inside an anisotropies universe and by
averaging determine the homogeneous cosmological quantities such as the present value of Hubble
constant H0 and the fraction of matter density Ωm . This can induce an error in the estimation of
cosmological quantities because we do not access on the totality of the Universe at the same time. The
correctness of the argument is evident, but can this error be enough large to induce a large effective
dark energy which at present has a density close 2.5 times the matter that produced it - according to
this suggestion ? Some supporters of such an explanation think superhorizon modes, i.e. modes that
after being pushed outside the horizon by inflation, are not yet entered inside can cause such a large
effects. Other supporters believe that the effect of LSS, i.e. modes which are already inside horizon
is dominant and explains the apparent observation of dark energy. In Sec. 6 a short commentary
letter [13] about this model. Finally, the last model in this category suggests that we leave in a locally
under-dense region of the Universe.
In the following sections we review vacuum problem [14] and dark energy models studied in [15, 16,
17, 19, 20].
2 Vacuum energy
2.1 Introduction
If dark energy is the energy density of vacuum as Lemaˆıtre suggested, we must put forward a precise
definition for what we call vacuum. The dictionary meaning of this word is emptiness. In quantum
field theory a vacuum state is more subtle. For instance, the minimum of the potential - the ground
state - of a field is also called a vacuum. For a free field the vacuum |0〉 is defined as:
aα |0〉 = 0, ∀α (1)
where aα is the annihilation operator of mode (state) α which presents the set of all quantum numbers
of the field. Considering for simplicity α = k (the momentum), the energy density is the T 00 component
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of energy-momentum tensor T µν and in a locally flat space can be related to modes as the following:
〈0|Tˆ 00|0〉 = 〈0| 1
(2π)3
∫
d3k uku
∗
kωk(aka
†
k + a
†
kak)|0〉 =
1
(2π)3
∫
d3k ωk →∞, ωk =
√
~k2 +m2(2)
[ak, a
†
k′ ] = δkk′ (3)
Here uk and u
∗
k are solutions of the field equation for the set of parameters {α} = k. For fermionic fields
the commutation relation in (3) is replaced by an anticommutation. Because in Minkowski space there
is a Killing vector for the whole spacetime, conjugate functions uk and u
∗
k are independent solutions
of the field equation and there is no ambiguity in the definition of particles and anti-particles. Thus, a
natural (adiabatic) 1 definition for vacuum exists. By contrast, in expanding spaces such as FLRW and
De Sitter, there is no unique vacuum [22]. Nonetheless, it can be shown that these apparently different
vacua correspond to adiabatic vacuum in frames moving with respect to each other - in general with
varying velocities [23]. They are related to each others by a Bogoliubov transformation.
The singularity in (2) is due to the ambiguity of operators φ2 and (∂0φ)2 in Tˆ 00 = 1/2∂0φ∂0φ+1/2m2φ2
when φ is a quantum field [23]. An operator ordering:
φ2(x)→: φ2(x) : ≡ lim
y→x
{
φ(x)φ(y) − 〈0|φ(x)φ(y)|0〉
}
(4)
(and the same for the derivative term) or another regularization brings the vacuum energy to zero.
However, it is considered that in curved spacetimes where in contrast to flat spaces the zero-point of
energy is not arbitrary, the application of regularization techniques to energy-momentum tensor is ad
hoc [24].
In a recent work [14] new interpretations are proposed for the ambiguity of the definition of vacuum
and the singularity described above, and suggested a new definition which is frame independent.
2.2 New interpretations
Figure 2: A schematic descrip-
tion of the confinement of a cre-
ated particle before annihilating it.
The dot (orange) presents the par-
ticle created by operator a† and the
dash circle presents its annihilation
by a after its confinement in the
blue volume that induces a Casimir
effect.
To better understand the physical meaning of regularization consider
the operator aka
†
k+a
†
kak in (2). The second term is the number oper-
ator Nˆk and by definition Nˆk|0〉 = 0|0〉 ∀ k. Therefore its application
does not change the state. Moreover, operationally it is well defined.
the operation can be considered as creation of a particle in mode k
and its immediate annihilation. In a classical view these two opera-
tions are opposite to each other and leave the space unchanged if the
delay between these operations is negligible. The first term is Nˆk +1
and its constant part leaves a remnant energy which is the origin of
the singularity in (2). This can be interpreted as an error aroused
from using the classical expression of T µν , which as explained above,
in a quantum context is not well defined. In this case the operator
ordering or other regularization schemes seem legitimate irrespective
of the geometry of spacetime.
Regarding the operational description of energy measurement, the
application of a†k creates one particle with momentum
~k. If we ex-
actly know the momentum of the particle, all information about
its position are lost. Therefore, an observer who wants to ap-
ply the annihilation operator must first somehow localize the par-
ticle, otherwise the probability of annihilation becomes negligibly small. Such an operation
1A vacuum is called adiabatic if no particle or only particles with k → 0 are created during the evolution of space-
time [23].
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would not be possible without breaking the translation symmetry of the spacetime, for instance
by imposing boundaries at a distance L ∼ 1/k which induces a Casimir energy proportional
to 1/L ∼ k, and becomes infinite for k −→ ∞. This shows that in contrast to some sug-
gestions [25], the origin of Casimir energy [28, 29] is not the vacuum but the energy which
is needed to break the symmetry. Fig. 2 shows a schematic description of these operations.
Figure 3: Schematic description
of high energy cutoff on energy.
We can also interpret the energy remnant from a purely quan-
tum mechanical point of view. A quantum field can be decom-
posed to φ(~x, t) =
∑
{α} u{α}(~x, t)a{α} + u
∗
{α}(~x, t)a
†
{α} = U(~x, t) +
U †(~x, t), U(~x, t) ≡ ∑{α} u{α}(~x, t)a{α}. Then Tˆ 00(~x, t) ∝ (U˙U † +
U˙ † U)(~x, t). Operators U and U † present annihilation and creation of
a particle with any momentum at a spacetime point (~x, t). Because
the position of the created particle is exactly known, no information
about its momentum can be obtained, and any value, including in-
finity, is allowed. These arguments are in spirit the same as those
given by Eppley & Hannah [27] and in ?? to prove the inconsistency
of a classical gravity and a quantic matter. Regularization of the in-
tegral in (2) by imposing a maximum energy cutoff is equivalent to
considering an uncertainty on the position. It presents the highest
energy scale or equivalently smallest distances in which the observer
can verify the presence of a vacuum and provides an upper limit on
the vacuum energy density. See Fig. 3 for a schematic description.
2.3 Contribution of virtual particles and Standard
Model condensates in dark energy
When interactions are considered, the vacuum of quantum field theory
is very far from being an empty space because quantum fluctuations
can condensate [30]. It is a subject of debate whether such cases should be called a vacuum or not.
In any case, we cannot separate the spacetime from its quantum field content. For this reason, it is
suggested that these condensates contribute to vacuum energy and thereby to dark energy [25, 31, 32].
Even in absence of condensates, loop corrections and running mass and couplings are suggested as
evidence for coupling of graviton with virtual particles [31, 32], and thereby gravitational interaction
of vacuum. In this case the density of dark energy should be much larger than what is observed. Thus,
according to this argument the presence of a small dark energy challenges the validity of quantum field
theory. Nonetheless, there are several observational facts against this criticism which are discussed in
detail in [14] and can be summarized as the following:
After renormalization, the contribution of virtual particles is included in the mass and couplings of
elementary particles and do not influence large scales. Moreover, renormalization is based on the
removal of infinities from integrals similar to (2). The fact that after this apparently ad hoc operation
we obtain relations that are confirmed by experiments, proves that these calculations are after all
meaningful, see [14] for more evidence. Another indication against a gravitational interaction between
free particles and vacuum is the stringent constraints on the energy dependence of dispersion relation
of high energy particles during their propagation over cosmological distances [35]. This and other
observations put strong constraints on the influence of quantum gravity corrections at scales much
larger than Planck scale. They also constrain the recent suggestion of graviton condensation as the
origin of dark energy [36], because quantum state of such a condensate would induce fluctuations in
the propagation of photons proportional to their energy which are not observed. By contrast, there is
no constraint on the condensate of a field without interaction with visible particles.
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As for the effect of the Standard Model condensates, the most important of them is the newly dis-
covered Higgs [37] with a nonzero vacuum expectation value (vev) of ∼ 246 GeV. It is believed to
generate mass for the Standard Model particles and triggers the breaking of SU(2)×U(1) symmetry
at an scale & 1TeV . The conditions for the formation of a Bose-Einstein Condensate (BEC) in a
quantum fluid is studied in [38]. They demand a uniform space distribution for the field. In both
classical fluid and quantum field theory the amplitude of anisotropies of a condensate decreases very
rapidly for large modes. This is analogue to the infinite volume condition for symmetry breaking in
statistical physics [38]. Nonetheless, in presence of additional driver, such as an interaction [34, 20],
wave functions of particles and their condensate are confined to short distances. Therefore, Higgs con-
densate which is coupled to other particles is confined at short distances. In addition, the confinement
of quarks by QCD helps to confine the Higgs condensate to small scales and it only manifests itself
through the mass of particles. Similar arguments are used to show that the observed pion condensate
responsible for the breaking of chiral symmetry is also confined to nucleons [39]. In Sec.4 we will show
that the survival of the quintessence field condensate at cosmological scales is a consequence of its
very small mass and very weak coupling that leads to the formation of a coherent state which is close
to uniform at cosmological distances and survives the expansion of the Universe [20].
2.4 Vacuum as a coherent state
According to the definition of vacuum in equation (1), in the reference frame for which it is defined it
does not have any particle. Therefore, we expect no effect on a particle that passes through vacuum.
This property can be used as a test for the presence of a vacuum. However, quantum corrections
induce an energy dependent effective mass. Therefore, it is the sensitivity of an observer to energy
variation that determines how well the vacuum can be detected. An observer with a high resolution
detector never sees any empty space. This means that vacuum is an abstract concept. Another
issue to consider is the fact that the definition (1) is not frame independent. However, nonlocality
of quantum mechanics and modification of vacuum with symmetry breaking raise the necessity for a
frame independent definition for the true vacuum of quantum field theory. In this section we propose
such a definition.
In [20] we have defined a generalized coherent state |ΨGC〉 for a scalar field based on an original
suggestion by [40, 33]:
|ΨGC〉 ≡
∑
k
Ake
Cka
†
k |0〉 =
∑
k
Ak
N→∞∑
i=0
Cik
i!
(a†k)
i|0〉 (5)
ak|ΨGC〉 = Ck|ΨGC〉 〈ΨGC |Nk|ΨGC〉 = |AkCk|2 (6)
For {Ck → 0 ∀ k} this state is neutralized by all annihilation operators and the expectation value of
particle number approaches zero for all modes. Therefore, this state satisfies the condition (1) for a
vacuum state. Coefficients Ak are relative amplitude of modes and can be nonzero even for a vacuum
state. In addition, one can extend this definition by considering products of |ΨGC〉 states. Such a
state includes products of states in which particles do not have the same momentum, thus it consists
of all combinations of states with any number of particles and momenta:
|ΨG〉 ≡
∑
k1,k2,···
(∏
ki
Aki
)
e
∑
i Ckia
†
ki |0〉 (7)
A vacuum state is defined as Cki → 0 ∀ ki which is asymptotic limit of non-vacuum states. Under a
Bogoliubov transformation this state is projected to itself:
aki =
∑
j
∑
kj
Akjkia′kj +
∑
j
∑
kj
Bkjkia′†kj a
†
ki
=
∑
j
∑
kj
A∗kjkia′
†
kj
+
∑
j
∑
kj
B∗kjkia′kj (8)
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Replacing a†ki in (7) with the corresponding expression in (8) leads to an expression for |ΨG〉 similar
to (7) but with respect to the new operator a′†k and C
′
kj
=
∑
i
∑
ki
A∗kjkiCki . For Cki → 0 ∀ ki and
finite A∗kjki , C ′ki → 0 ∀ ki. Note that here we assume that the Bogoliubov transformation changes |0〉
to a similar state which is neutralized by a′k ∀ k. Therefore, in contrast to the null state of the Fock
space, |ΨG〉 is frame-independent.
It is easy to verify that this new definition of vacuum does not solve the problem of singularity of
Tˆ 00 expectation value. Nonetheless, it gives a better insight into the nature of the problem. Notably,
one can use the number operator
∑
k Nˆk to determine the energy density of vacuum because in
contrast to |0〉, the new vacuum |ΨG〉 is frame-independent and is neutralized by the number operator
Nˆk|ΨG〉 = 0 ∀ k. This alternative to Tˆ 00 for measuring the vacuum energy density has been discussed
in [23], but has been considered to be a poor replacement because the vacuum state defined in (1) is not
frame independent. Note that we explicitly distinguish between a system in which all particles are in
the ground state and a system in which the expectation value of particle number in any state, including
the ground state, is zero. We call the first system a condensate and the second one according to (6) is
a vacuum. Therefore, according to this definition string vacua of modulies after compactification are
condensates. See [14] for more examples and details.
Although coefficients Ak which must be calculated from the full Lagrangian depend on the initial or
boundary conditions, the state |ΨG〉 contains all combinations of particles and is always projected to it-
self when the reference frame is changed. In this sense it is a unique maximally coherent state. Like any
superposition state its observation - which needs an interaction - leads to a collapse to one of its member
states. An external observer interprets this as observation of virtual particles - because they come from
a presumed vacuum - and their effect manifests itself as scale dependence of mass and couplings of the
field. Because any single state in the vacuum superposition has a vanishing amplitude, one can always
consider that the vacuum stays unchanged even when one or any finite number of its members interact
and decohere. Thus, like usual definition of vacuum, interactions modify properties of the external (un-
tangled, on-shell) particles at scales relevant for their interaction, but they do not change |ΨG〉 globally.
Figure 4: A schematic descrip-
tion of production of virtual parti-
cles by partial decoherence of vac-
uum. The points (red) present
virtual particles which are deco-
hered and their indirect effects can
be measured by detectors as scale-
dependence of mass and couplings.
The vacuum |ΨG〉 includes all states at any scale, but in every experi-
ment only a range of them are available to observers. They are limited
from IR side by the size of the apparatus or observational limits such
as a horizon, and from UV side by the available energy to the observer.
The presence of a particle at a given scale i.e. discrimination between
vacuum and non-vacuum at that scale depends on the uncertainties
in distance/energy measurements. At large distance scales the lim-
ited sensitivity of detectors cannot detect interaction with very low
energy virtual particles, thus no violation of energy-momentum con-
servation occurs. This could not be true if the vacuum had a large
energy-momentum density which could be exchanged with on-shell
particles.
Does the coherent vacuum state |ΨG〉 gravitate ? A detailed answer
to this question needs a quantum description for gravity. Nonetheless,
by definition states that make up a coherent state are not observable
except when they are decohered/collapsed. And when this happens,
they will no longer appear as vacuum, see Fig. 4 for a schematic il-
lustration. Therefore, they cannot influence observations in any way,
including gravitationally. In a semi-classical view, one expects that
the expectation value of the number of particles with a given energy
and momentum determines the strength of the gravitational force.
Equation (6) shows that this number for any mode k is null when
{Ck → 0 ∀ k}. Thus, this state does not feel the gravity. This is another evidence of the unphysi-
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cal nature of the singularity of the expectation value of energy-momentum tensor when its classical
definition is used in quantum field theory without any regularization.
2.4.1 Vacuum or not Vacuum
A question which arises here is: Why does the existence of a frame-independent vacuum rule out
vacuum energy as the origin of accelerating expansion ? The answer to this question depends on what
we mean by vacuum. If by vacuum we mean the minimum of the effective classical - condensate -
component of quantum fields, then dark energy may be considered as the vacuum energy. However, as
we discussed in this section and will demonstrated in details in Sec. 4, the condensate is very far from
being the particle-less state that conventional word vacuum means and the quantum state used in (1)
designates. Therefore, minimums of the condensate potential should not be called vacuum. Moreover,
we will show that we can begin from an initial moment where the amplitude of a condensate is zero,
i.e. the state of the Universe is |ΨG〉 with {Ck → 0 ∀ k} and study its formation and evolution.
These processes are also very far from the static concept of vacuum. In laboratory condensed matter
the lowest energy state is usually called vacuum as synonymous to the background state above which
- usually in energetic sense - fluctuations are studied. In the context of early Universe physics,
the background state itself is as important and unknown as its fluctuations. Thus, employment of
ambiguous terms such as vacuum only adds to confusion.
2.5 Outline
In this section, various arguments were put forward to advocate a null energy density for vacuum
in the context of quantum field theories. They rule out the energy density of vacuum as the origin
of dark energy. The vacuum state was shown to be an abstract concept that only approximately
and asymptotically makes sense. We proposed a new frame-independent definition for vacuum as a
coherent state with an amplitude approaching zero. Apart from helping to understand issues regarding
the origin of dark energy, this definition may be useful for nonlocal description of quantum gravity
and systems including condensates. In absence of a vacuum energy in the sense we defined here, the
best candidates for dark energy are modification of the Einstein gravity and condensation of one or
multiple quantum fields with quintessential behaviour.
3 Quintessence and interaction in the dark sector
3.1 Introduction
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Figure 5: Rolling down of a
quintessence field beginning in the
early Universe and lasting up to
now.
Even before the observational confirmation of an entity in the Uni-
verse behaving very similar to a cosmological constant, cosmologists
have tried to find models with such behaviour at recent epochs in
the history of the Universe [41]. These models are generically called
Quintessence and majority of them are based on one or more scalar
fields, although models based on vector fields have been also stud-
ied [42]. Similar to slow-roll models of inflation, the scalar field
asymptotically approaches to the minimum of the potential at zero.
In a variant of quintessence models called k-essence [43] the evolution
of the scalar field is governed by the kinetic energy which has a non-
standard form generally written as K = f(φ, ∂µφ). These models are
usually inspired from string and other quantum gravity models. In
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some quintessence models it is considered that the same field that has
generated inflation in the early Universe plays also the role of quintessence at present [44], see e.g. [45]
for comparison with recent data.
It is not a trivial task to make models with what is called a tracking solution, which without fine-
tuning of parameters and initial conditions for a duration more than half of the age of the Universe
approaches zero without reaching to this limit point. It is shown [41, 46] that the necessary condition
for the presence of such solutions is:
V ”V/V ′2 > 1 (9)
It is easy to verify that for analytically simple models with polynomial or exponential potentials,
the condition (9) is satisfied if their order or exponent is negative. Such potentials and k-essence
models are not renormalizable except when the model is linearized and only small fluctuations are
quantized [93]. For this reason they must be considered as effective models. On the other hand, it
is expected that a quintessence field has very weak interactions, thus its effective potential must be
close to its bare potential and perturbative. This conclusion is not consistent with a nonperturbative
potential.
Apart from non-renormalizability several other issues about quintessence models with only self-interaction
can be remarked. As it is described in section 1, in these models the equation of state of dark energy:
w =
P
ρ
=
1
2 φ˙
2 − V (φ)
1
2 φ˙
2 + V (φ)
> −1 (10)
does not allow a phantom-like behaviour for positive value of the potential, and may be inconsis-
tent with data [49]. Phantom models correspond to a Wick rotation of time coordinate in ordinary
quintessence models, and are their Euclidean analogues [48]. Under this operation ρ→ −P , P → −ρ,
and w → 1/w < −1. Although the Wick rotation technique is used in many circumstances in physics
for simplifying calculations, usually an inverse rotation is performed at the end to bring back calcula-
tions to Lorentzian metric. In phantom models the Wick rotation is performed only in quintessence
sector and it is not rotated back. Thus, it is considered that the field is in this state only for a limited
time. In any case such a model can be only an effective toy model.
In addition to w > −1 issue, simple/pure quintessence models and a cosmological constant do not
explain why the density of dark energy is fine-tuned such that galaxies could be formed before it
becomes dominant. This problem is called dark energy coincidence [25]. We should remind that if
the origin of dark energy is related to physics at Planck scale - as in the context of string theory -
or even at lower scales such as inflation era or reheating, its density was tens of orders of magnitude
smaller than matter density at early epochs. This needs an extreme fine-tuning unless there is an
inherent relation between dark energy and other constituents of the Universe, for instance through
an interaction between quintessence field and dark matter [50, 15, 16, 18]. Another advantage of this
class of models is that they provide a natural explanation for wobs < −1 if the interaction of dark
energy with matter is ignored in analysing the data [15, 65].
We should remind that quintessence models studied in pioneering works [50] are actually modified
gravity related to Brans-Dick extension of Einstein gravity. A dilaton scalar field is introduced through
the transformation gµν → eCφgµν in matter Lagrangian where φ is the quintessence/dilaton field, gµν
is the metric, and C a coupling constant. In [51] the couplings of dilaton to dark and baryonic matter
are different. They reflect different conformal properties of these constituents and create a fifth force
effect which may induce a segregation between these two types of matter. Another class of interacting
quintessence models which have been extensively studied are scaling models [52, 53, 54, 55]. They
assume a constant ratio of dark matter and dark energy. However, their prediction for the equation of
state is w & −0.7 which is inconsistent with data. Other type of scaling models based on non-standard
kinetic term inspired or associated to string theory and/or brane models are also proposed [56]. In this
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class of models, which can be classified as k-essence, the non-standard expression of the kinetic term
is due to induced metric of a 4D brane boundary by a dilaton field living in the higher dimensional
bulk. Thus, the effective quintessence field on the visible brane has a geometric/gravitational origin.
In our knowledge the model presented in [16, 17] is the first properly speaking interacting quintessence
model with a particle physics interpretation rather than geometry.
Many extensions of the Einstein gravity and classical limit of quantum gravity models include a scalar
field. The best example is F (R) [57] and conformal gravity. In these models the scalar field usually
has a non-minimal interaction with matter, and therefore apparently they are similar to interacting
quintessence. Nonetheless, we can in principle distinguish them from their interaction, although it
is a very challenging task, see Sec. 5. If like gravity, the scalar field(s) has(have) similar coupling
to all type of matter, we call it modified gravity, otherwise an interacting quintessence. However,
in an observational point of view it would be very difficult to test this criterion, because the scalar
field is expected to have a very weak interaction with matter. Moreover, about 80% of matter in
the Universe is dark and cannot be observed directly. Consequently, the measurement of difference
between coupling of dark energy to various component is very difficult if not impossible. For this
reason other discriminating criteria should be used. This point will be discussed in detail in section 5.
3.2 Dark energy with wobs . −1 in presence of interaction in the dark sector
Strangely enough my involvement in dark energy research began during the study of Ultra High Energy
Cosmic Rays (UHECRs)! This study is summarized in Sec. ??. Here we just mention that to verify
the consistency of a decaying super-heavy dark matter as the origin of UHECRs in the context of
top-down models, in [15] the evolution of Hubble function H(z) in these models is compared with the
available set of data from supernovae type Ia [59, ?, 62] for various lifetime of dark matter. In a flat
universe with a cosmological constant H(z) is:
H2(z) =
8πG
3
T 00(z) +
Λ
3
(11)
where T µν is the energy-momentum tensor. For stable matter and radiation T 00(z) = ρcΩm(1+ z)
3+
Ωh(1 + z)
4 where ρc ≡ 3H20/8πG is the present critical density, Ωm and Ωh are fractional density of
cold and hot matter, respectively, and z is the redshift. When dark matter decays or interacts with
other components [65], there is no exact expression for T 00 because it depends on the decay modes
of the meta-stable dark matter, its elastic and non-elastic couplings, and the fate of remnants i.e.
whether they are and stay relativistic or lose their energy and become non-relativistic. For this reason
numerical simulations of the decay of a super-heavy dark matter which includes the propagation and
dissipation of its remnants is used to determine T 00.
Fig. 6 shows the best fit of data with simulations. The data used in [15] is the published data set
B of the Supernova Cosmology Project [59, 60, 61] for high redshift and Calan-Tololo sample [58]
for low redshift supernovae. It should be reminded that wm the equation of state of matter for a
decaying/interacting dark matter is not null, i.e. it is not an ideal Cold Dark Matter (CDM) with
wm = 0. This is an important point because it is this difference that leads to equation state of dark
energy wde . −1 if the decay or interaction of dark matter is not taken into account in the model
fitted to the data. We call the value of ΩΛ and wde derived with the assumption of a stable dark
matter ΩeqΛ and w
eq
de. These values should be compared with what is in the literature because their
null hypothesis is usually a stable CDM. Additionally, for each model of decaying dark matter and a
cosmological constant as dark energy we determined parameters of an equivalent quintessence model
with stable dark matter and density ρq = Ωq(1 + z)
3(wq+1. Fig. 7 shows the variation of χ2 of the fit
with wq. Table 1 shows the value of parameters for the equivalent quintessence models. Regarding the
value of χ2 of these models, they are all consistent with data. However, clearly models with wq < −1
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Figure 6: Best fit residues of apparent magnitude of supernovae for ΩeqΛ = 0.7, τ = 5τ0, where τ0 is the present
age of the Universe and τ the lifetime of dark matter in simulations. The value of fractional cosmological constant
density used in this simulation is ΩΛ = 0.73 (full line). Other curves are for stable dark matter with Ω
eq
Λ = ΩΛ = 0.7
(doted); decaying dark matter with τ = 5τ0 and ΩΛ = 0 (dash line); stable DM and ΩΛ = 0 (dash-dot).
Stable DM τ = 50τ0 τ = 5τ0
ΩΛ = 0.68 ΩΛ = 0.7 ΩΛ = 0.72 ΩΛ = 0.68 ΩΛ = 0.7 ΩΛ = 0.72 ΩΛ = 0.68 ΩΛ = 0.7 ΩΛ = 0.72
H0 69.953 69.951 69.949 69.779 69.789 69.801 68.301 68.415 68.550
ΩeqΛ 0.681 0.701 0.721 0.684 0.704 0.724 0.714 0.733 0.751
Ωq - - - 0.679 0.700 0.720 0.667 0.689 0.711
wq - - - −1.0066 −1.0060 −1.0055 −1.0732 −1.0658 −1.0590
χ2 62.36 62.23 62.21 62.34 62.22 62.21 62.22 62.15 62.20
Table 1: Cosmological parameters from simulations of a decaying DM and parameters of the equivalent quintessence
models. H0 is in km Mpc
−1 sec−1.
fit the data somehow better, except the model with ΩΛ = 0.8 which has a poorer fit than others. This
proves that the wrong priory of a stable or non-interacting matter can lead to wq < −1
when dark matter decays or interacts and dark energy is a cosmological constant. This
work is one of the first work in which it was shown that the observed w < −1 for dark energy can
be due to the application of a wrong model. Results shown in Fig. 7 and Table 1 are consistent with
latest measurements of the equation state of dark energy from supernova data [63], LSS, and CMB
anisotropies [49, ?].
It is well known that simulations and fitting include many approximations and uncertainties. To prove
that the conclusion about the effect of neglecting decay/interaction of dark matter on the measured
value of w is not an artifact, in [15] an approximate analytical demonstration was also performed.
Due to the importance of this demonstration for our understanding of observations and models it is
summarized here:
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Figure 7: χ2-fit of supernovae data with quintessence models as a function of wq for Ωq = 0.67 (dashed), Ωq = 0.69
(dash-dot), Ωq = 0.71 (solid) and Ωq = 0.8 (dotted). χ
2’s of equivalent quintessence models to a decaying dark
matter with τ = 5τ0 and closest ΩΛ to Ωq (see table 1) are also shown. τ and τ0 are respectively the lifetime of
dark matter in simulations and the present age of the Universe. Except Ωq = 0.8 model others are all good fits to
data. For ΩΛ = Ωq = 0.8, a stable DM fits the data better, but the fit is poorer than former models.
3.2.1 Analytical demonstration
With a good precision the total density of a decaying dark matter model can be written as the
following:
ρ(z)
ρc
≈ Ωm(1 + z)3 exp(τ0 − t
τ
) + Ωhot(1 + z)
4 +Ωm(1 + z)
4
(
1− exp(τ0 − t
τ
)
)
+ΩΛ. (12)
where ρc is the critical density of the Universe at redshift zero and Ωhot is the fractional density
of relativistic components. It is assumed that decay remnants are relativistic particles and their
dissipation is neglected. In a flat cosmology Ωm+Ωhot+ΩΛ = 1 and ρc is the present critical density.
If dark matter is stable and we neglect the contribution of hot dark matter, the expansion factor a(t)
is:
a(t)
a(τ0)
=
[
(B exp(α(t− τ0))− 1)2
4AB exp(α(t− τ0))
] 1
3
≡ 1
1 + z
. (13)
A ≡ ΩΛ
1− ΩΛ , (14)
B ≡ 1 +
√
ΩΛ
1−√ΩΛ
, (15)
α ≡ 3H0
√
ΩΛ. (16)
Using (13) as an approximation for a(t)a(τ0) when dark matter slowly decays, (12) takes the following
form:
ρ(z)
ρc
≈ Ωm(1 + z)3C−
1
ατ +Ωhot(1 + z)
4 +Ωm(1 + z)
4(1− C− 1ατ ) + ΩΛ. (17)
C ≡ 1
B
(
1 +
4A
(1 + z)3
−
√
(1 +
4A
(1 + z)3
)2 − 1
)
. (18)
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For a slowly decaying dark matter, ατ ≫ 1 and (17) becomes:
ρ(z)
ρc
≈ Ωm(1 + z)3 +Ωhot(1 + z)4 +Ωq(1 + z)3γq , (19)
Ωq(1 + z)
3γq ≡ ΩΛ(1 + Ωm
ατΩΛ
z(1 + z)3 lnC). (20)
Equation (20) is the definition of equivalent quintessence component. After its linearization:
wq ≡ γq − 1 ≈ Ωm(1 + 4A)(1 −
√
2A)
3ατΩΛB
− 1. (21)
It is easy to see that in this approximation wq < −1 if ΩΛ > 13 .
3.3 Quintessence from decay of a super-heavy dark matter
Motivated by the arguments given in section 3 in favour of an interacting quintessence model, a model
with a slowly disintegrating dark matter is considered which has a very weak interaction with a light
scalar considered to be the quintessence field [16]. Furthermore, through the study of this class of
models, some of advantages of an interaction in the dark sector are shown.
Consider that just after inflation the Universe consists of a cosmological soup including 2 species:
a superheavy dark matter (SDM) called X which is decoupled from the rest of the soup since very
early times, and the ensemble of other species which we do not specify in detail. The only constraint
imposed on the latter component is that it must consist of light species in - comparison with X -
including: baryons, neutrinos, photons, and light dark matter. For simplicity we assume that X is
a scalar field φx and is meta-stable, i.e. it decays with a lifetime much longer than the present age
of the Universe. A very small energy fraction of the decay remnants is transferred to a light scalar
quintessence field φq with negligibly weak interaction with other fields. This model is motivated by
top-down models for the origin of Ultra High Energy Cosmic Rays [66, 67, 68, 69, 70, 71, 18]. Despite
recent arguments against this type of models [73, 72], they are not yet completely ruled out. And
even if it turns up that UHECRs have astronomical origin, dark matter or one of its constituents can
be meta-stable, see e.g. [74, 72]. Remind that smaller the fraction of this type of particles in the dark
matter, shorter their lifetime and larger their coupling to the quintessence field are allowed [71].
The effective Lagrangian of this model is:
L =
∫
d4x
√−g
[
1
2
gµν∂µφx∂νφx +
1
2
gµν∂µφq∂νφq − V (φx, φq, J)
]
+ LJ (22)
The field J presents collectively light particles. The term V (φx, φq, J) comprises all interactions
including self-interaction potentials for φx and φq:
V (φx, φq, J) = Vq(φq) + Vx(φx) + gφx
mφq
n +W (φx, φq, J) (23)
The term gφx
mφq
n is important because it is responsible for the annihilation of X and back reaction
of quintessence field. W (φx, φq, J) presents other interactions which contribute to decay of X to light
fields J and φq. To determine the evolution of these fields we consider X and J as classical particles.
The contribution of quintessence field φq consists of classical relativistic particles with density ρ
′
q and a
condensate component behaving as dark energy with density ρq. Under these simplifying assumptions,
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the evolution equations of various components of the model are written as the followings:
φ˙q[φ¨q + 3Hφ˙q +mq
2φq + λφq
3] = −2gφ˙qφq
(
2ρx
mx2
)
+ Γqρx (24)
ρ˙x + 3Hρx = −(Γq + ΓJ)ρx − π4g2
(
ρx
2
mx3
− ρq
′2
mq3
)
(25)
ρ˙J + 3H(ρJ + PJ) = ΓJρx (26)
H2 ≡
(
a˙
a
)2
=
8πG
3
(ρx + ρJ + ρq) (27)
ρq =
1
2
mq
2φ˙q
2
+
1
2
mq
2φq
2 +
λ
4
φq
4 (28)
The constants Γq and ΓJ are respectively the decay width of X to φq and to other species. The effect
of decay termW (φx, φq, J) in the Lagrangian appears as the total decay rate of X particles (Γq+ΓJ)ρx
in energy conservation equation. The effect of g-coupling is considered separately.
The system of equations (24)-(28) is highly non-linear and an analytical solution cannot be found
easily. There are however two asymptotic regimes which permit an approximate analytical treatment.
The first solution corresponds to early times just after the production of X particles, presumably after
preheating [75]) [77, 78, 79]. In this epoch φq ∼ 0 and can be neglected. The other regime is when the
time variation of φq becomes very slow and one can neglect φ¨q. In [16] it is shown that these regimes
can be connected smoothly and the final solution is very close to a constant, i.e. the quintessence field
imitates a cosmological constant.
Numerical solution of equations (24) to (28) confirms the above approximate analytical conclusions.
Fig. 8 presents the results of the numerical calculation of the evolution of the density of quintessence
field in this type of models. We conclude that for a large fraction of the parameter space and without
fine-tuning, the scalar field varies very slowly soon after beginning of its formation, and behaves similar
to a cosmological constant.
Figure 8: Evolution of the density of quintessence field. Left: for various values of energy fraction of dark matter
decay remnants transformed into quintessence field: 10−16 (magenta), 5 × 10−16 (cyan), 10−15 (blue), 5 × 10−15
(green), 10−14 (red). The mass and self-coupling of the field quintessence are respectively 10−6eV and 10−20;
Center: for different values of quintessence mass 10−3eV (cyan), 10−5eV (magenta), 10−6eV (red) and 10−8eV
(green); Right: for different values of self-coupling: 10−10 (cyan), 10−15, 10−20 and 10−25 (green). The difference
between the density of quintessence field for the last 3 values of self-coupling is smaller than the resolution of this
figure. The dash line is the observed value of the density of energy dark. zs is the redshift after which the density of
condensate remains constant up to resolution of simulations.
4 Condensation of a quantum scalar field as the origin of dark energy 18
3.3.1 Perturbations
Due to clustering of matter, an interaction in the dark sector can apriori induce a clustering in dark
energy. However, there are stringent constraints on the anisotropic expansion of the Universe [80]
and clustering of dark energy [81]. Therefore, it is necessary to verify that the model described above
predicts an enough uniform distribution for the quintessence field to be consistent with data.
After describing Einstein and Boltzmann equations for the scalar metric perturbations, linear pertur-
bations of various matter components of this model, and few approximations to make an analytical
calculation possible, we find the following relation between spatial fluctuation of quintessence field δφq
and velocity dispersion of dark matter δux
i:
− V ′(φ¯q, ρ¯x)∂i(δφq) = Γqρ¯xδuxi (29)
This equation shows that the divergence of quintessence field fluctuations ∂iδφq follows the velocity
dispersion of dark matter in opposite direction. However, its amplitude is largely reduced due to the
very small decay width Γq. In addition, with the expansion of the Universe, V
′(φ¯q, ρ¯x) varies only
very slightly, i.e. just the interaction between SDM and φq changes. In contrast, ρ¯x decreases by a
factor of a−3(t) and even a gradual increase in the dark matter clumping and its velocity dispersion
δux
i is not enough to compensate the effect of its decreasing density [81]. Therefore, we conclude that
the spatial variation of φq is very small and unobservant.
Finally, for testing this class of models against data, in addition to their impact on the expansion of
the Universe and clustering that will be discussed in more detail in Sec. 5, there are other means which
can be used. In particular, a decaying heavy dark matter produces relativistic remnants which should
be detectable directly if they are visible particles, or indirectly - through their effect on the evolution
of large structure - if they are invisible. In fact some of recent observations prefer a larger number
of relativistic species - usually described as the effective number of neutrinos [82], which apriori can
be related to decay or interaction of dark matter. However, there are other explanations for these
observations, for instance the existence of one or two sterile neutrinos [83]. Therefore, for the time
being it is not possible to make a conclusion.
Alternatively, the lifetime of the decaying dark matter can be short. In this case, it has decayed long-
time ago. Nonetheless, as we discussed before, the potential of quintessence field after its saturation
stays constant and behave as a cosmological constant. This can explain the extreme fine-tuning of
dark energy density with respect to dark matter in the early Universe. On the other hand, at late
times the accelerating expansion of the Universe can destroy the coherence of quintessence condensate
and dilute it. The study of this issue in the framework of quantum field theory is explained in the
next section.
4 Condensation of a quantum scalar field as the origin of dark en-
ergy
4.1 Introduction
Quintessence models and many other phenomena in cosmology, particle physics, and condensed matter
are associated to scalar fields which at large scales behave classically. Classical scalar fields have been
first introduced in the fundamental physics in the framework of extensions to Einstein gravity [84, 85],
and as a means for unification of gravity with other forces [86, 87]. They can be related to gravity
models with conformal symmetry and its breaking which generates a scalar-tensor gravity [88]. Thus,
in these models the scalar field has a geometrical origin, at least at energy scales much smaller than
Planck mass. By contrast, other known scalar fields such as Higgs in the Standard Model or Cooper
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pairs in condensed matter have a quantic point-like/particle nature, which has been experimentally
demonstrated in both particle physics [89] and condensed matter [90] 2. Their classical behaviour is
associated to a special quantum state called a condensate - in analogy with condensation of droplets
of liquid from particles or molecules of a vapor. In this section we briefly describe how a condensate
can be formed at cosmological scales [20, 92, 91].
Decoherence of a scalar field due to its interaction with an environment, and the settlement of particles
in one of the two minimum of a double-well potential is suggested as the origin for a nonzero vacuum
energy and a prototype for landscape of string models [93, 94]. This looks like counter intuitive be-
cause apriori the decoherence should reduce quantum correlations. In fact, it is exactly what happens.
Rather than being in a quantum superposition of many energy states, by forming a condensate the
energy distribution of particles is limited to one or few energy levels, see e.g. [95]. Although a con-
densate is a superposition state, it is more deterministic, i.e. has a smaller entropy, than the quantum
state from which it is formed.
The formation of a condensate in cosmological environment raises several additional complexities,
because the condensate must have an extension comparable to the size of the Universe. First of all,
the mass of the scalar field and its coupling, both self and to other fields, must be very small. In
the framework of the model explained in the previous section, quintessence particles are produced
by the decay of a heavy particle. Consequently, at the moment of their production they must be
highly relativistic. For instance, if they are produced during preheating after inflation or even at
higher energy scales - for instance if they are associated to modulies in string theory - they must
be initially relativistic. In laboratory, particles destined for condensation are usually cooled to very
low temperatures before the process of condensation can occur. Due to their very weak coupling,
quintessence particles cannot easily cool. These facts put stringent constraints on the condensation of
a scalar field. Therefore, a comprehensive study is necessary to see whether a condensation can arise
and to determine the necessary conditions for its occurrence. The first results of such an investigation
are reported in [20, 92, 91].
In quantum mechanics, expectation values of hermitian operators associated to observables present
the outcome of measurements. Therefore, it is natural to define the classical observable (component)
of a quantum scalar field as its expectation value:
ϕ(x) ≡ 〈Ψ|Φ(x)|Ψ〉 6= 0 (30)
where |Ψ〉 is an element of the Fock space of the system. It is easily seen that a coherent state consisting
of the superposition of indefinite number of particles in a single quantum state - presumably the ground
state - behaves like a classical field as defined in (30) i.e. 〈Ψ|Φ(x)|Ψ〉 6= 0 [33]. On the other hand,
bosonic particles occupying the same energy state form a Bose-Einstein condensate. For this reason,
the classical field ϕ(x) is called a condensate. Using canonical representation, it is easy to see that for
a limited number of free scalar particles 〈Ψ|Φ|Ψ〉 = 0. Nonetheless, in presence of an interaction, after
renormalization a finite term can survive even when the state has a finite number of particles [96]. In
this case, the field Φ can be considered to be dressed, which effectively presents an infinite number
of virtual particles and satisfies the condensation condition [97]. In such cases, the expectation value
can be non-zero even on the vacuum.
4.1.1 Formation of a quantum quintessence field
2We should remind that this discrimination between particles and geometry loses its meaning in the geometric
interpretation of fundamental models, specially in candidate models for quantum gravity such as string theory. However,
at low energies differentiating between them may help better understand the underlying models.
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Figure 9: Decay models of heavy dark matter X .
To investigate the reliability of quintessence mod-
els in a quantum field theoretical point of view,
we consider a phenomenological model similar to
one explained in Sec. 3. The model consists of
a heavy particle X slowly decaying to two types
of particles: a light scalar Φ and another field A
which can be an intermediate state or a collec-
tive notation for other fields. Here for simplicity
it is assumed to be a scalar too. The particle X
and one of the remnants can be spinors, but the
quintessence field Φ however must be a scalar. In the extreme density of the Universe after reheating,
apriori the formation of Cooper-pair composite scalars from fermions is possible. However, this process
needs a relatively strong interaction between fermions, and can arise in local phenomena such as Higgs
mechanism and leptogenesis. But, due to very weak interaction of dark energy this does not seem to
be plausible for Φ. The simplest decay modes are shown in Fig. 9.
Diagram (9-a) is the simplest decay/interaction mode. Diagram (9-b) is a prototype decay mode
when X and Φ share a conserved quantum number or A and A¯ (here A = A¯ is considered) have
a conserved quantum number. For instance, one of the favorite candidates for X is a (s)neutrino
decaying to a much lighter (pseudo-)scalar field and another (s)neutrino carrying the same leptonic
number [98]. With seesaw mechanism between superpartners, a mass split between right and left
(s)neutrinos, respectively corresponding to X and Φ, can occur. Depending on the conservation or
violation of R-symmetry, the other remnant can be another scalar superpartner, Higgs or Higgsino.
The Lagrangian of this model is:
L = LΦ + LX + LA + Lint (31)
LΦ =
∫
d4x
√−g
[
1
2
gµν∂µΦ∂µΦ− 1
2
m2ΦΦ
2 − λ
n
Φn
]
(32)
LX =
∫
d4x
√−g
[
1
2
gµν∂µX∂µX − 1
2
m2XX
2
]
(33)
LA =
∫
d4x
√−g
[
1
2
gµν∂µA∂µA− 1
2
m2AA
2 − λ
′
n′
An
′
]
(34)
Lint =
∫
d4x
√−g


gΦXA, For (9)-a
gΦXA2, For (9)-b
gΦ2XA, For (9)-b
(35)
In the rest of this section we only describe the case (a) in detail. Note that no self-interaction is
considered for X. The self-interaction of A can be an effective description for interaction of fields
collectively presented by A. Very weak interaction constraint on dark energy means that couplings λ
and g must be very small. In a realistic particle physics model, renormalization and non-perturbative
effects can lead to complicated potentials for scalar fields. An example relevant to dark energy is a
pseudo-Nambu-Goldstone boson field with a shift symmetry [99] which protects the very small mass of
the quintessence field. The power-law potential considered in (32) can be interpreted as the dominant
term or one of the terms in a potential with shift symmetry.
4.2 Decomposition and evolution equations
As we discussed above, our main aim is to study the evolution of quintessence condensate. Following
definition (30) we decompose Φ(x) to a condensate and a quantum component:
Φ(x) = ϕ(x)I + φ(x) 〈Φ〉 ≡ 〈Ψ|Φ|Ψ〉 = ϕ(x) 〈φ〉 ≡ 〈Ψ|φ|Ψ〉 = 0 (36)
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where I is the unit operator. We remind that in (36) both classical and quantum components depend
on the spacetime x. We do not assume a homogeneous Universe, but only consider small anisotropies.
We assume 〈X〉 = 0 and 〈A〉 = 0. The justification for these assumptions is the large mass and
perturbative interactions of X and A which reduce their number and quantum effects. Later we
show quantitatively that when the mass of a field is large, the minimum of effective potential of its
condensate approaches zero. As X and A have a very weak interaction with Φ, their evolution can
be studied semi-classically by using the Boltzmann equation with a collisional term [71, 16]. A more
precise formulation should use the full Schwinger-Keldysh / Kadanoff-Baym formalism. This is a work
in progress [100].
After insertion of decomposition (36) into the Lagrangian (31), the evolution equation for the conden-
sate ϕ with interaction (a) is obtained by application of variational principle:
1√−g∂µ(
√−ggµν∂νϕ) +m2Φϕ+
λ
n
n−1∑
i=0
(i+ 1)
(
n
i+ 1
)
ϕi〈φn−i−1〉 − g〈XA〉 = 0 for (9-a) (37)
Note that in (35) non-local interactions, i.e. terms containing derivatives of ϕ do not contribute in the
evolution of ϕ because they are all proportional to φ. After taking expectation value of the operators
they cancel out because 〈φ〉 = 0 by definition. The expectation values depend on the quantum state of
the system |Ψ〉 which presents the state of all particles in the system. We should remind that the mass
of quantum component φ and thereby its evolution depends on ϕ. Moreover, through the interaction
of Φ with X and A evolution of all the constituents of this model are coupled. In fact, for n > 2
the expectation values 〈φ(n−i−1)〉 i = 0, · · · , n − 1 modify the mass and self-coupling of ϕ. Another
important observation is that in general, the effective potential of condensate ϕ is not the same as the
classical potential in the Lagrangian.
(38)
(39)
(40)
Figure 10: Diagrams included in the calculation of expec-
tation values for decay model (a). The dash line presents
the condensate component ϕ.
We use Schwinger-Keldysh closed time path inte-
gral formalism to calculate expectation values in
(37) at zero-order (tree diagrams). The next rel-
evant diagram is of order g3, see Fig. 10. There-
fore, under the assumption of the small couplings
for the quintessence field, higher order diagrams
are negligible. The decomposition of Φ also af-
fects the renormalization of the model. This is-
sue has been already studied [96] and we do not
consider it here. We simply assume that masses
and couplings in the model have their values af-
ter renormalization. One reason for overlooking
this issue is the fact that it should be discussed
in the context of a full particle physics model.
In accordance with the decomposition (36), the
sum of graphs in (40) is null because they cor-
respond to the field equation of ϕ (37). Finally,
the expectation values at zero order are:
〈XA〉a = −ig
∫ √−gd4yϕ(y)[G>A(x, y)G>X (x, y)−G<A(x, y)G<X(x, y)
]
(41)
〈φi〉 = −iλ
∫ √−gd4yϕn−i(y)[[G>φ (x, y)]i − [G<φ (x, y)]i
]
(42)
where G> and G< are respectively advanced and retarded propagators, related to the Feynman prop-
agator GF (x, y) = G
>(x, y)Θ(x0 − y0) + G<(x, y)Θ(y0 − x0) which can be determined by solving
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following field equations:
1√−g ∂µ(
√−ggµν∂νGφF (x− y)) + (m2Φ + (n− 1)λϕn−2)GφF (x− y) = −i
δ4(x− y)√−g (43)
1√−g ∂µ(
√−ggµν∂νGiF (x− y)) +m2iGiF (x− y) = −i
δ4(x− y)√−g , i = X,A (44)
It is remarkable that even at zero (classical) order GφF (x − y) depends on the condensate field ϕ.
The coupling between quantum component φ and the condensate ϕ is the origin of the back-reaction
of the condensate formation on the quantum fields. Assuming that Φ particles are produced only
through the decay of X, the initial value of ϕ = 0 and the coupling between φ and ϕ is very small.
With the growth of the ϕ amplitude, the effective mass of φ particles increases. In turn, this affects
the growth of the condensate because due to an energy barrier φ particles will not be able to join
the condensate anymore. This negative feedback prevents an explosive formation of the condensate.
We should remind that for a full consideration of the backreaction of interactions we must consider
propagators that include 2-Particle Irreducible (2-PI) self-energy correction. However, their inclusion
makes the problem completely unsolvable analytically. For this reason the full formulation is left for
a future work [100] that will study this model through numerical simulations.
We expect a rapid decoherence of φ particles and other species due to the fast acceleration of the
Universe. It pushes long wavelength fluctuations (IR modes) out of the horizon. In turn, they play
the role of an environment for the decoherence of shorter modes. Thus, X, A, and φ particles can
be considered as semi-classical and the evolution of their density is ruled by classical Boltzmann
equations, see e.g. [71]. A complete treatment of the model as a non-equilibrium quantum process
must include Kadanoff-Baym equations. It would be necessary when this model is studied in the
context of a realistic particle physics.
The last set of equations to be considered for a consistent and full solution of the model are Einstein
equations that determine the relation between the geometry of the spacetime and the evolution of
its matter content. Apriori it is important to consider the backreaction of matter and dark energy
anisotropies on the metric, at least in linear order which is a good approximation at large scales even
today. However, due to the complexity of the model, we only consider a homogeneous background
metric. It is shown in [20] that at linear order propagators in a background with small scalar fluctu-
ations are simply Gh(x, y)(1 + ψ) where ψ is the gravitational potential in the Newtonian gauge and
Gh(x, y) is the propagator in a homogeneous background. This relation can be used to estimate the
effect of metric fluctuations on the evolution of quintessence condensate. Under these approximations
only the evolution of expansion factor a(t), i.e. the Friedmann equation has special importance for
the determination of condensate evolution.
During radiation domination epoch the density of non-relativistic particles such as X is by definition
negligible, and evolution of a(t) is governed by relativistic species which are not considered here
explicitly. From the observed density of dark energy we can conclude that in this epoch its density
was much smaller than other components, and had negligible effect on the evolution of expansion
factor. In the matter domination epoch both X and A are assumed to be non-relativistic. If the
lifetime of X is much shorter than the age of the Universe at the beginning of matter domination
epoch, most of X particles have decayed, and X does not play a significant role in the evolution of
a(t) which is determined by other non-relativistic species. If the lifetime of X is much larger than
the age of the Universe, then X particles can have a significant contribution in the total density
of matter. Considering the very slow decay of X, in the calculation of a(t), at lowest order it can
be approximately treated as stable and a(t) evolves similar to the case of a CDM model. A better
estimation of a(t) can be obtained by taking into account the decay of X to relativistic particles [15].
Once again here we use the simplest approximation because the problem in hand is very complicated
and we want to keep the evolution of a(t) decoupled from other equations such that we can obtain
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an analytical approximation. At late times when the density of the condensate becomes comparable
to matter density, the full theory including Boltzmann equations must be solved. In this case the
evolution of a(t) is closely related to the evolution of the quintessence condensate and a full numerical
solution is necessary.
4.3 Quantum state
Propagators and expectation values described in the previous section are defined for the quantum state
of constituents of the Universe content. Therefore, before any attempt to calculate these quantities
we must know their quantum state3.
Due to weak interactions between particles in this model, after their decoherence they can be considered
as freely-scattering particles, and therefore their quantum state |Ψf 〉 can be approximated by direct
multiplication of single particle states:
|Ψf 〉 =
∑
pj
⊗
i,j
f i(x, {pj}, ϕ)|pij〉 (45)
The indices i and j respectively present the species type and particle number, and {pj} the momentum
of all states. Distributions f i(x, {pj}, ϕ) can be related to quantum properties of the system by using
Wigner function [101]. Note that due to the dependence of masses and couplings on the condensate ϕ,
distribution of semi-classical particles depend on this quantity too. By projecting Ψ into the coordinate
space we can express |Ψ|2 as a functional of Wigner function:
|Ψ|2 = Ψ∗(x)Ψ(y) = Ψ∗(x¯+X
2
)Ψ(x¯−X
2
) =
√−g
(2π)4
∫
d4pP (p, x¯)e−ip.X , x¯ ≡ x+ y
2
, X ≡ x−y
(46)
In the classical limit Wigner function P (p, x¯) approaches the classical distribution function f(p, x¯)
which can be determined in a consistent way from classical Boltzmann equations or their quantum
extensions Kadanoff-Baym equations. In fact, it has been shown [102] that distributions can be directly
related to Green’s functions:
〈Nˆ(~k, t)〉 ≡ ωkf(k, x, ϕ) = D〈φ(−k, t)φ(k, t′)〉
∣∣∣∣
t=t′
(47)
D ≡ 1
2
ωk +
1
ωk
∂
∂t
∂
∂t′
+ i(
∂
∂t
− ∂
∂t′
) (48)
where Nˆ is number operator. As mentioned earlier, in the study performed in [20] Boltzmann equations
are not solved along with the evolution equation of the condensate and a thermal approximation was
used in place.
Determination of the quantum state of the condensate is less straightforward and no general expression
or a procedure to obtain it is available. Nonetheless, it is easy to verify that Glauber’s coherent
states [40] satisfy the condition (30) for condensates [?]. After decomposition of quintessence field to
creation and annihilation operators:
Υ ≡ a(η)Φ(x) =
∑
k
[Uk(x)ak + U∗k (x)a†k] , [ak, a†k′ ] = δkk′ [ak, ak′ ] = 0 [a†k, a†k′ ] = 0 (49)
3In Heisenberg picture states are constant and operators vary with time. Therefore one can calculate all quantities
for vacuum. Nonetheless, the state is necessary deciding the initial conditions necessary for the solution of propagators
and condensate equations, and interpretation of observed phenomena because we usually associate an observation to the
observed system rather than an abstract operator.
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where Uk(x) ≡ Uk(η)e−i~k.~x is a solution of the free field equation, a coherent state is defined as:
|ΨC〉 ≡ e−|C|2eCa
†
0 |0〉 = e−|C|2
∞∑
i=0
Ci(x)
i!
(a†0)
i|0〉 (50)
It can be verified that this state satisfies the relation [33]:
a0|ΨC〉 = C|ΨC〉 (51)
From decomposition of φ to creation and annihilation operators (49) we find:
χ(x) ≡ a〈ΨC |Φ|ΨC〉 = CU0(x) + C∗U∗0 (x) (52)
Here we have adapted the original formula of [33] for a homogeneous FLRW cosmology. As χ is a real
field the argument of C is arbitrary, and therefore we assume that C is real:
C =
U0(x) + U∗0 (x)
χ(x)
(53)
Condensates produced in laboratory usually include multiple energy levels with approximately de-
coupled condensates at each energy level, see e.g. [103]. For these more general cases the definition
of a condensate can be generalized in the following manner: Consider a system with a large number
of scalar particles of the same type. Their only discriminating observable is their momentum. The
distribution of momentum is discrete if the system is put in a finite volume. Such setup contains
sub-systems similar to (50) consisting of particles with momentum ~k:
|Ψk〉 ≡ AkeCka
†
k |0〉 = Ak
N∑
i=0
Cik
i!
(a†k)
i|0〉 (54)
where Ak is a normalization constant. It is easy to verify that this state satisfies the relation:
ak|Ψk〉N = Ck|Ψk〉(N−1) (55)
If N → ∞, the identity (55) becomes similar to (51) and the expectation value of the scalar field on
this state is non-zero. Therefore, we define a multi-condensate or generalized condensate state as a
state in which every particle belongs to a sub-state of the form (54):
|ΨGC〉 ≡
∑
k
Ake
Cka
†
k |0〉 =
∑
k
Ak
N→∞∑
i=0
Cik
i!
(a†k)
i|0〉 (56)
χ(x, η) ≡ a(η)〈ΨGC |Φ|ΨGC〉 =
∑
k
CkUk(x) + C∗kU∗k (x) (57)
The state |ΨGC〉 satisfies the equality (55). Coefficients Ak determine the relative amplitudes of
condensate at each momentum with respect to each others. Using (57), the evolution equation of the
field determines how Ck’s evolve. It is easy to verify that the energy density and effective number
density of |ΨGC〉, respectively defined as the expectation value of m2ΦΦ2/2 and the number operator∑
k a
†
kak, are finite:
〈ΨGC |m
2
ΦΦ
2
2
|ΨGC〉 = m2a−2(η)
∑
k
[
Re(C2kUk(x)) + |Uk(x)Ck|2 +
1
2
]
(58)
〈ΨGC |
∑
k
a†kak|ΨGC〉 =
∑
k
|Ck|2 (59)
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The reason for the finiteness of these quantities despite the presence of infinite number of states in
(56) is the exponentially small amplitude of the components with N →∞.
When we calculate the propagators of φ we should take into account the contribution of all Φ particles
in the wave function of Ψ, including the condensate. Therefore:
|Ψ(Φ)|2 ≈ f (Φ)(p, x¯) + f (ϕ)(x¯) (60)
where f (ϕ) is the contribution of the condensate and f (Φ) the distribution of non-condensate decohered
particles which can be treated classically. Note that the separation of two components in (60) is an
approximation and ignores the quantum interference between free Φ particles and the condensate.
This approximation is valid if the self-interaction of Φ is weak and the non-condensate component
decohere rapidly. The advantage of the generalized coherent state explained above for dark energy is
the fact that quintessence particles do not need to lose completely their energy to join the condensate.
This significantly softens the constraint imposed by the tiny interaction of Φ on the formation of a
condensate. We should remind that many other coherent states, e.g. for special geometries exist in
the literature [104].
4.4 Solution of evolution equation of quintessence condensate
When interactions are neglected and after field redefinition χ ≡ aϕ and taking the Fourier transform
with respect to spatial coordinates the field equation to solve takes the following form:
U ′′k + k2Uk + (a2m2 −
a′′
a
)Uk =
{
0 For evolution of condensate
−i δ(η−η′)a For propagators
(61)
where η is the conformal time. After adding the contribution of a non-vacuum state, the Feynman
propagator G(η, η′) has the following expansion:
iGk(η, η
′) =
[
A>k Uk(η)U∗k (η′)+B>k U∗k (η)Uk(η′)
]
Θ(η−η′)+
[
A<k Uk(η)U∗k (η′)+B<k U∗k (η)Uk(η′)
]
Θ(η′−η)
(62)
where A>k , B>k , A<k and B<k are integration constants. For free propagators on non-vacuum states, it is
possible to include the contribution of the state in the boundary conditions imposed on the propagator,
see Appendix-A in [20]. This leads to following relations between integration constants and the wave
function of the system:
A>k = 1 + B>k , B<k = 1 +A<k , A<k = B>k =
∑
i
∑
k1k2...kn
δkki |Ψk1k2...kn |2 (63)
G>k (η, η
′)
∣∣∣∣
η=η′
= G<k (η, η
′)
∣∣∣∣
η=η′
(64)
U ′k(η)U∗k (η)− Uk(η)U
′∗
k (η) =
−i
a(η)
(65)
4.4.1 Initial conditions for propagators
Field equations are second order differential equations and a complete description of the solutions
needs the initial value of the field and its derivative. Alternatively, they can be treated as a boundary
value problem in which the values of the field at two different epochs are constrained. A physically
motivated initial condition for a bounded system, including both Neumann and Dirichlet conditions
is [105]:
a−1∂ηUk = −iKUk (66)
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where the spacelike vector nµ is normal to the boundary and defined as nµ = a−1(1, 0, 0, 0), and U
is a solution of the differential equation. The constant K depends on the scale k. In a cosmological
setup, the initial condition constraint (66) must be applied to both past (initial) and future (final)
boundary surfaces [105]. In the case of propagators, they are applied only to one of the past or future
limit, respectively for advanced and retarded propagators. In each case the other boundary condition
is replaced by consistency condition (64). Assuming different values for K on these boundaries, we
find:
Kj = i U
′
k(ηj)
ajUk(ηj)
, j = i, f (67)
|Uk(ηj)|2 = 1
a2(ηj)(Kj(k, ηj) +K∗j (k, ηj))
, |U ′k(ηj)|2 =
|Kj(k, ηj)|2
Kj(k, ηj) +K∗j (k, ηj)
(68)
In cosmological context, Kf can be fixed based on observations, but Ki is unknown and leaves one
model-dependent constant that should be fixed by the physics of the early Universe. This arbitrariness
of the general solution or in other words the vacuum of the theory is well known [106]. In the case
of inflation - in De Sitter spacetime - a class of possible vacuum solutions called α-vacuum allow the
following expression for K:
Ki,Kf =
√
k2/a2i,f +m
2 (69)
and one obtains the well known Bunch-Davies solutions [105]. We use this choice for the quintessence
model studied here.
4.4.2 Radiation domination era
The X particles are presumably produced during reheating epoch [107, 75] and their decay begins
afterward. In this epoch relativistic particles dominate the energy density of the Universe. Therefore,
the expansion factor a(η) can be determined independently. Fortunately, in this epoch homogeneous
field equations have exact and well known solutions [108], and after applying the WKB approximation
the full solutions of the evolution equation of quintessence condensate including interactions can be
obtained:
Uk ≈
√
η0
η
exp
(
1
2
∑
α,β
B′αβ sin (2α ln
η
η0
− βη
2
4η20
)
[
η
η0
+A′αβ cos (2α ln
η
η0
− βη
2
4η20
)
])
×
exp
(
− i
4
∑
α,β
{[
η
η0
+A′αβ cos (2α ln
η
η0
− βη
2
4η20
)
]2
−B′2αβ sin2(2α ln
η
η0
− βη
2
4η20
)
})
(70)
Vk − iUk ≈
√
η0
η
exp
(
−1
2
∑
α,β
B′αβ sin (2α ln
η
η0
− βη
2
4η20
)
[
η
η0
+A′αβ cos (2α ln
η
η0
− βη
2
4η20
)
])
×
exp
(
i
4
∑
α,β
{[
η
η0
+A′αβ cos (2α ln
η
η0
− βη
2
4η20
)
]2
−B′2αβ sin2(2α ln
η
η0
− βη
2
4η20
)
})
(71)
where η0 is the initial conformal time, and A
′ and B′ are constants depending on the parameters
of the model θi ≡
√
2a0η0mi =
√
2mi
H0
, αi ≡ k
2η0
2a0mi
=
k2H0η20
2mi
, i = Φ, X, A and α = (±αA ± αX)
and β = (±θ2A ± θ2X). The presence of a real exponential term in both independent solutions of the
evolution equation, and the phase difference between them means that in the radiation domination
epoch there is always a growing term that assures the accumulation of the condensate. However, due
to the smallness of coefficients A′αβ which are proportional to g
2, the growth of the condensate can
be very slow. Therefore, we conclude that in this regime the production of Φ particles by the slow
decay of X is enough to produce a quintessence condensate. Figure 11 shows Vk and Uk for a choice
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of parameters. We should remind the similarity of these solutions to parametric resonance during
preheating [109]. This is not a surprise because the form of the evolution equations of these models
are very similar.
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Figure 11: Real, imaginary, and absolute value of Uk and Vk for α = 0 and β = 100. The general aspects of these
functions are not very sensitive to α and are very similar for β & 10. Note that although there are resonant jumps
in the value of U and V , due to complicated interaction terms they are not regular as in the preheating.
4.4.3 Backreaction
An exponential growth of the condensate for ever would be evidently catastrophic for this model. We
show below that during matter domination era the faster expansion of the Universe stops the growth.
Moreover, if X particles have a short lifetime and decay completely before the end of the radiation
domination epoch, production term in (41) becomes negligibly small. Due to many simplifying as-
sumptions we had to make to be able to obtain approximative analytical solutions (70) and (70), some
other issues must be also taken into account. For instance, we neglected the effect of free φ particles.
Energy transfer between them and the condensate can lead to evaporation of the latter. This effect
would be consistently taken into account if we solve Boltzmann/Kadanoff-Baym equations along with
evolution equation of the condensate and add 2PI terms in the evolution of propagators.
4.4.4 Matter domination era
In the matter domination epoch the relation between comoving and conformal time deviates from the
previous era and consequently the evolution equation of fields is different and has the following form:
U ′′k + (k2 +
m2a20η
4
η40
− 2
η2
)Uk = 0 (72)
In contrast to radiation domination epoch, this equation does not have known analytical solution.
Only for two special cases of m = 0 and k2 = 0 exact analytical solutions exist. Therefore, we have to
use one of them, in preference the solution of k2 = 0 which is closer to the case we are interested in,
along with WKB approximation. When interactions are ignored the solution of the evolution equation
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has the following approximate expression:
χk(η)
η
η0
≫1
−−−−→
λ=0
√
2
πβ′Φ
η0
η
(
1− 3k
2η0
2m2Φη
+ Yk(η)
){
c′
(a)
k sin
(
β′
η3
η30
(1− 3k
2η0
2m2Φη
) + Yk(η)
)
+
d′
(a)
k cos
(
β′
η3
η30
(1− 3k
2η0
2m2Φη
) + Yk(η)
)}
(73)
Yk(η) = ig
2
4(2π)3π
√
β′Aβ
′
X
{∑
α
Cα(k, x¯)γ(−2, iαη
3
η30
) +
∑
α
C ′α(k, x¯)γ(−
1
3
, iα
η3
η30
)
}
(74)
where Cα and C
′
α are proportional to the distributions of A and X particles and β
′ ≡ a0η0m3 = 2m3H0 .
At late times γ-functions in (74) approach a constant and x¯ dependent terms i.e terms containing f (A)
and f (X) decay very rapidly, as (η0/η)
6 for terms containing one f , and χk(η) becomes an oscillating
function that its amplitude decreases as η0/η with time. Consequently, ϕk decreases as η
3
0/η
3 and the
production of Φ in the decay of X alone is not enough to compensate the expansion of the Universe,
leading to a decreasing density of the condensate. Evidently, the validity of this conclusion depends on
the precision of approximations considered in this calculation. In fact it is shown [20] that linearized
equations always arrive to the same conclusion, even when all interactions are taken into account.
To perform a nonlinear analysis of the condensate equation with self-interaction we first neglect quan-
tum corrections. This means that we only consider the classical interaction term in (37) for which
the minimum of the potential is at origin. If for simplicity we neglect also the production term, the
evolution equation becomes:
χ′′ + (k2 + a2m2Φ −
2
η2
)χ+ λa4−nχn−1(x) = 0 (75)
Using a difference approximation for derivatives but without linearization, we find that although at
the beginning χ can grow irrespective of initial conditions, at late times it approaches zero. This
means that this equation lacks a tracking solution. Another way of checking the absence of a tracking
solution is the application of the criterion Γ ≡ V ”V/V ′2 > 1 proved to be the necessary condition for
the existence of such solutions [46]. For equation (75) Γ = n(n − 1)/n2 < 1 for n > 0. This is a well
known result. As mentioned in section 3, only inverse power-law and inverse exponential potentials
have a late time tracking solution [41].
When quantum corrections are added, the evolution equation depends on the coefficient C which
appears in the expression of propagators and determines the amplitude of the quantum state of the
condensate. This coefficient depends inversely on χ, see (53), and thereby induces a backreaction
from the formation of the condensate to the propagators of φ and vis-versa. After adding these non-
linear terms to the evolution equation of the quintessence condensate, it has the following approximate
expression:
χ′′ + (k2 + a2m2Φ −
2
η2
)χ+
i
3
λ2a4−n(
2
πβ′Φ
)n−2ei
(8−n)pi
6 (
η0
η
)n−1
∑
α,β
β−
8−n
3 γ(
8− n
3
,−iβ η
3
η30
) e
i(α+β)η
3
η3
0
×
n−1∑
i=1
(
n− 1
i
)
(
2
πβ′Φ
)n−i cos2(n−i)(β′Φ
η3
η30
) (
η0
η
)2(n−i) χ−2(n−i)+1(η) + . . . = 0
α, β = jβ′Φ, j = −(n− 1), . . . , n− 1 (76)
where dots indicates subdominant terms. The effective potential in this equation includes negative
power terms which can satisfy tracking condition if they vary slowly with time. Using the asymptotic
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expression of incomplete γ-function and counting the order of η/η0 terms, we conclude that terms
satisfying the following conditions vary slowly for η/η0 ≫ 1:
α = −2β, 17− 6n+ 2i > 0 (77)
The first condition eliminates the oscillatory terms, and the second one corresponds to orders of η/η0
terms satisfying the tacking solution condition. As i 6 n− 1, this condition is satisfied only for n 6 3.
The case of n = 4 is also interesting, because although the indices of time-depending terms would be
positive, the decay of the density of condensate would be enough slow such that its equation of state
may be still consistent with observations. It is remarkable that these values for the self-interaction
order are the only renormalizable polynomial potentials in 4-dimension spacetimes. The study of dark
energy domination era is more complicated because the evolution equations of the condensate and
expansion factor a(η) become strongly coupled and must be solved numerically.
4.5 Outline
In [20, 92, 91], we used non-equilibrium quantum field theory techniques to study the condensation of a
scalar field during cosmological time. The scalar was assumed to be produced by the decay of a much
heavier particle. Similar processes had necessarily happened during the reheating of the Universe.
They could have happened at later times too if the remnants of the decay did not significantly perturb
primordial nucleosynthesis. To fulfill this condition the probability of such processes had to be very
small. We showed that one of the necessary conditions for the formation of a condensate is its light mass
and small self-interaction which have important roles in the cosmological evolution of the condensate
and its contribution to dark energy. In particular, we showed that only a self-interaction of order . 4
can produce a stable condensate in matter domination epoch. Confirmation of these results and the
extension of the analysis to dark energy domination epoch needs lattice numerical calculation which
is a project for near future.
We conclude this section by reminding that if dark energy is the condensate of a scalar
field, the importance of the quantum coherence in its formation and evolution would be
the proof of the reign of Quantum Mechanics at largest observable scales of the Universe.
5 Parametrization and test of dark energy models
5.1 Introduction
Modeling a physical phenomenon would not be useful if we cannot distinguish between candidate
models. Specially, in what concerns the origin of accelerating expansion of the Universe, since its
observational confirmation in the second half of 1990’s, a large number of models are suggested to
explain this phenomenon. In section 1 we briefly reviewed the most popular categories of dark energy
models. However, when it comes to their observational verification, the difficulty of the task oblige us
to be more general, and at this stage only target the discrimination between three main category of
dark energy:
• Cosmological constant
• Quintessence
• Modified gravity
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Fig. 12 shows these categories and their possible impacts on various observables which can be poten-
tially used to pin down or constrain the underlying model and discriminate it from other dark energy
candidates. In fact, a notable difference between a cosmological constant, modified gravity and some
of quintessence models is the presence of a weak interaction between matter and dark energy in the
last two cases which can potentially leave, in addition to its effects on the large scale distribution of
matter, other distinguishable imprints such as a hot/warm dark matter. Prospectives for multi-probe
studies of dark energy is discussed in the next chapter.
Figure 12: The major categories of dark energy models
and observables that potentially carry their imprint. A sim-
pler version of this diagram is published in [110]. Question
marks mean that the effect is model dependent.
There are essentially two main cosmological ob-
servables which through their measurements cos-
mological parameters can be determined. The
first observable is the expansion rate of the Uni-
verse - Hubble function H(z) and its evolution
with redshift. The second quantity is the distri-
bution of matter anisotropies. The measurement
of the first quantity needs a standard candle -
an object with known luminosity or dimension.
As for the second quantity, because most of mat-
ter in the Universe is dark, its distribution can
only be measured indirectly through anisotropies
that it induces in the distribution of Cosmic
Microwave Background (CMB) and galaxies, or
through its gravitational lensing effects. To be
able to interpret measurements, specially for the
purpose of discriminating among models, it is
necessary to have quantitative descriptions for
observables which can be universally applied to
models irrespective of their details.
5.2 Nonparametric determination of
dark energy evolution
Every content of the Universe has a contribution
in the Friedmann equation that governs the evo-
lution of expansion factor of the Universe:
H2(z) = (
a˙
a
)2(z) =
8πG
3
∑
i
ρi (78)
Therefore, the measurement of the expansion rate - the Hubble function - and its evolution are the
most direct means for understanding homogeneous properties of dark energy. In a fluid approximation
various contents of the Universe are characterized and distinguished by their equation of state w defined
in (10). For a cosmological constant wde = −1. This value can be considered as a critical point, because
as we discussed in detail in section 3, models with w < −1 apriori break the null energy theorem of
general relativity, and therefore negative w+1 must be either an effective value or related to an exotic
phenomenon such as a nonstandard kinetic term. For this reason, it is more useful to measure the
sign of w + 1, i.e. the direction of its deviation from the critical point, rather than its exact value
which is less crucial for discriminating between models and more prone to measurement errors. The
purpose of the work reported in [111, 112, 110] was to find a suitable methodology to determine the
sign of w+1 in a nonparametric manner. The expression nonparametric in signal processing literature
means testing a null hypothesis against an alternative by using a discrete condition such as a jump or
the change of a sign rather than constraining a continuous parameter (see e.g. [113]). Therefore, for
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determining the sign of w+1 we need to find a quantity proportional to it irrespective of uncertainties
of other parameters, as long as they are limited to a reasonable range.
In a flat universe containing cold matter, radiation and dark energy, all approximated by fluids, the
density at redshift z can be written as:
ρ(z)
ρ0
= Ωm(1 + z)
3 +Ωh(1 + z)
4 +Ωde(1 + z)
3γ (79)
where ρ(z) and ρ0 are respectively the total density at redshift z and at z = 0, Ωm, Ωh, and Ωde are
respectively the fraction of cold matter, radiation, and dark energy in the total density at z = 0. For
a constant w (i.e. when it does not depend on z), γ = w + 1, and it can be easily shown that in this
case:
A(z) ≡ 1
3(1 + z)2ρ0
dρ
dz
− Ωm = γΩde(1 + z)3(γ−1) (80)
When various constituents of the Universe interact with each others, equations of states depend on z
and Friedmann equation and A(z) can be parametrized as the followings [114]:
H2
H20
=
ρc(z)
ρc0
=
∑
i
ΩiFi(z)(1 + z)3γi , i = m, b, h,k, and de (81)
where m = cold dark matter, b = baryons, h = hot matter (radiation), k = curvature, and de = dark
energy.
γ(z) =
1
ln(1 + z)
∫ z
0
dz′
1 + w(z′)
1 + z′
(82)
B(z) ≡ 1
3(1 + z)2ρ0
dρ
dz
=
−(2dDAdz + (1 + z)d
2DA
dz2
)
2
3(1+z)2 (DA + (1 + z)
dDA
dz )
3
=
∑
i=m,h,k
Ωi
(
γiFi(z) + (1 + z)dFi
dz
)
(1 + z)3(γi−1) +Ωde(w(z) + 1)(1 + z)
3(γde(z)−1) (83)
A(z) ≡ B(z)−
∑
i=m,h,k
Ωiγi(1 + z)
3(γi−1)
=
∑
i=m,h,k
Ωi
(
γi(Fi(z)− 1) + (1 + z)dFi
dz
)
(1 + z)3(γi−1) +Ωde(w(z) + 1)(1 + z)
3(γde(z)−1)(84)
It is clear that the sign of A(z) follows the sign of γ. Moreover, giving the fact that according to
observations γ ≈ 0, the exponent of z-dependent term in the r.h.s. of (84) is always negative. This
means that the maximum of A(z) is at z → 0 where more precise data from standard candles such
as supernovae type Ia are available. Another advantage of A(z) to direct determination of γ from
Friedmann equation is the fact that at low redshifts this equation is insensitive to the value of γ [114].
In fact, using the definition of angular diameter distance DA(z), which in addition to supernovae data
can be measured by Baryon Acoustic Oscillations (BAO), the Friedmann equation can be written as:
ln
[(
d
dz
((1 + z)DA)
)−1
− Ωm(1 + z)3 − Ωh(1 + z)4 − ΩK(1 + z)2
]
= lnΩde + 3γ(z) log(1 + z) (85)
At small redshifts the last term on the r.h.s. of (85) which contains γ(z) approaches zero and its effect
on the evolution of DA becomes negligibly small, irrespective of the value of γ.
When dw/dz ≪ 3w(z)(w(z) + 1)/(1 + z), the sign of dA/dz is opposite to the sign of w(z) + 1.
This condition is satisfied at low redshifts - see examples of models in Fig. 13. Therefore, A(z) is a
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concave or convex function of redshift, respectively for positive or negative w(z) + 1. Observations
show that the contribution of Ωk and Ωh at low redshifts are much smaller than the uncertainty of
Ωm. The function dA/dz does not depend on Ωm. Thus, the uncertainty on the value of Ωm can shift
the value of A(z) but it does not change its slope and its shape i.e. its concavity or convexity that
determines the sign of γ is preserved. Moreover, the uncertainty of H0 scales B(z) uniformly at all
redshifts and does not change geometrical properties of A(z). In conclusion, in what concerns
the determination of the sign of w + 1, the functions A(z) and B(z) are less sensitive to
uncertainties of cosmological parameters than H(z) and DA(z).
Fig. 13 shows A(z) for several phenomenological models of dark energy and parametrizations of
w(z). It is clear that for given values of A(z) (or similar quantities) at two redshifts the conclusion
about evolution of dark energy and thereby the underlying model depends on the parametrization.
Therefore, it is preferable to extract w(z) in a nonparametric manner from data which is described in
detail in [114].
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Figure 13: A(z) as a function of redshift. To see how well A(z) can distinguish between various models and how
systematic and statistical errors and parametrization affect the reconstructed model, we consider 3 parametrizations
as written on the plots above. Note that parametrizations for the plot in the center and on the right are equivalent up
to a redefinition of coefficients w0 and w1. All the examples have the same value of w(z) at z = 0 and z = 3. After
determining the corresponding coefficients w0i and w1i where index i means initial. Then, to simulate systematic
errors we have plotted the following models: w0 = −1+ |w0i+1|, w1 = w1i (dot), w0 = −1−|w0i+1|, w1 = −w1i
(dot-dash), w0 = −1 + |w0i + 1|, w1 = −w1i (dash) and w0 = w0i and w1 = w1i (full). Colored vertical bars
present statistical errors. The uncertainty of A(z) is 1σA(z=0) = 0.01 (top row) and 1σA(z=0) = 0.05 (bottom row)
at z = 0 and evolves with redshift as σA(z) = σA(z = 0)(1 + z)
2. It seems to be possible to distinguish between
normal and phantom dark energy models easily if uncertainties are limited to few percents. Evidently, achieving such
a precision is challenging even for space missions such as Euclid.
5.2.1 Error estimation for nonparametric sign detection
Fig. 14 shows the comparison of A(z) calculated from supernovae data with dark energy models
having positive and negative w + 1. Visual inspection clearly concludes that both data-sets shown in
this figure are consistent with w + 1 . 0 in the interval z . 0.5. However, visual inspections or even
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the measurement of the slope lacks a quantitative estimation of uncertainties. In signal processing
a binomial estimation of the probability or optimization of detection [115] are usually used to assess
uncertainties. In fact, in most practically interesting contexts in signal processing the signal is constant
and uncertainties are due to the noise. In the cosmological case discussed here the observable A(z)
is both noisy and varies with redshift. Therefore, binomial probability and similar methods are not
suitable. For this reason in [111] another strategy which is specially appropriate for cosmological
quantities is proposed.
The null hypothesis for dark energy is γ = 0, i.e. ΛCDM. Assuming a Gaussian distribution for the
uncertainties of the reconstructed A(z) from data and from simulated data with γ = 0, for each data-
point we calculate the probability that it belongs to the null hypothesis. To include the uncertainty
of data, we integrate the uncertainty distribution 1-sigma around its mean value:
Pi =
1√
2π(σ20i + σ
2
i )
∫ Ai+σi
Ai−σi
dxe
−
(x−A0i)
2
2(σ2
0i
+σ2
i
) (86)
where Ai and σi belong to the ith data-point, and A0i and σ0i belong to the simulated null hypothesis
model at the same redshift. Averaging over Pi gives P¯ , an overall probability that the dataset corre-
sponds to the null hypothesis. As γ = 0 is the limit case for γ > 0, P¯ is also the maximum probability
of γ > 0.
Figure 14: Left: A(z) from 117 supernovae from the SNLS survey (purple). Error bars are 1-sigma un-
certainty. Green, orange, yellow, and light green curves are the reconstruction of A(z) from simulations for
γ = −0.2,−0.06, 0.6, 0.2, respectively. The probability of null hypothesis (γ = 0) is P¯ = 0.27, therefore the
probability of γ < 0, 1 − P¯ = 0.73. Light grey and cyan curves are theoretical calculation including the uncertainty
on Ωde, respectively for γ = ±0.06,±0.2. For all models H0 = 73 km Mpc−1 sec−1 and Ωde = 0.77 and 5% errors
for each. Right: A(z) for SNLS supernovae with z < 0.45. Definition of curves and cosmological parameters are the
same as the left plot. For this dataset 1− P¯ = 0.93. If Ωde = 0.73 is used, 1− P¯ = 0.96.
5.2.2 Precision of model discrimination
Using generalized parametrization of Friedmann equation (81), in [114] it is shown, with explicit
examples, that discrimination between modified gravity and some categories of quintessence models is
possible. Notably, if data is analyzed with the null hypothesis of no interaction, when in reality there
is an interaction in the dark sector, the effective values of Ωde and γde extracted from measurements of
the Hubble function H(z) and from A will not be the same. Therefore, for detecting the tiny signature
of an interaction in the dark sector, rather than fitting the data with a large number of parameters, it
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is better to measure the difference between two pair of measurements (Ω
(H)
eff , γ
(H)
eff ) and (Ω
(A)
eff , γ
(A)
eff ).
For this purpose, a natural criterion is:
Θ(z) ≡
Ω
(A)
eff (w
(A)
eff (z) + 1)(1 + z)
3γ
(A)
eff (z) − Ω(H)eff (w(H)eff (z) + 1)(1 + z)3γ
(H)
eff (z)
Ω
(H)
eff (w
(H)
eff (z) + 1)(1 + z)
3γ
(H)
eff
(z)
(87)
This quantity can be explained explicitly as a function of Ωi, Fi, and γi, for i ∈ m, h, k, de. The
variable Θ(z) is zero when Fi = 1, dFi/dz = 0. In addition, this expression can be used to determine
the absolute sensitivity of a survey on an interaction in the dark sector, irrespective of the measured
proxy and data analyzing methods. We should also remark that many authors have used quantities
similar to A(z) that depend on the evolution of Hubble function dH/dz, see e.g. [116]. Nonetheless,
the work presented in [111, 112] is unique in proposing a nonparametric data analysing method for
discriminating between dark energy models.
Assuming that Ωm and Ωh can be determined independently and with very good precision, for instance
from CMB anisotropies with marginalization over γde, the quantity Θ may be determined from the
measurement of H(z) and B(z) by using data from whole sky or wide area spectroscopic surveys such
as Euclid, or multi-band photometric surveys such as DES.
5.3 Using LSS data for discriminating between dark energy models
Fig. 12 indicates that the deviation of matter clustering and spectrum of perturbations from pre-
dictions of ΛCDM are definitive signatures of interaction in the dark sector. Thus, along with the
evolution of expansion rate discussed in the previous section, we must use LSS data to discrimi-
nate these models from ΛCDM and non-interacting quintessence. However, discrimination between
modified gravity and interacting quintessence which both can be written as a scalar field model is
not straightforward and more criteria are necessary. For this reason, in [114] along with the stud-
ies reviewed in the previous section, we have investigated properties and differences of interacting
quintessence and modified gravity to find new criteria for discrimination between them. Moreover, we
suggest a new parametrization of observables for this purpose.
5.3.1 Discrimination according to interaction type
By definition, in modified gravity it is expected that when it is written in Einstein frame, the scalar
field has the same coupling to all species. However, as explained earlier this criterion is not suitable
for observational and data analysing purposes, thus here we propose another criterion. But before
explaining it, we review phenomenological description of interactions without a detail knowledge about
the micro-physics of the underlying model.
In presence of non-gravitational interactions between constituents the energy-momentum tensor of
each component T µνi is not separately conserved, and conservation equations can be only written for
the total energy-momentum tensor T µν defined as:
T µν ≡
∑
i
T µνi(free) + T
µν
int (88)
T µν;ν =
∑
i
T µνi(free) ;ν + T
µν
int ;ν = 0 (89)
where T µνi(free) is the energy-momentum tensor of component i in absence of interaction with other
components. This means that T µνi(free);ν = 0 only if the free value of fields and dynamical variables
are used in this conservation equation. In this case
∑
i T
µν
i(int) ;ν = 0. In perturbative field theories,
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specially when one studies the scattering of particles, it is assumed that in the out-of-interaction
region particles are free and this formalism are applicable. But, in cosmology there is no asymptotic
freedom because we live inside the interaction region. In the literature on interacting dark energy
models (see e.g. [50, 51]) when only two constituents - matter and dark energy - are considered, the
energy-momentum conservation equations are usually written as:
T µνm ;ν = Q
µ, T µνϕ ;ν = −Qµ (90)
for an arbitrary interaction current Qµ. By comparing (89) and with (90), it becomes clear that
tensors in the left hand side of equations in (90) do not correspond to free energy-momentum tensors,
and along with Qµ they are obtained somehow arbitrarily by division of (89). In fact, equations in (90)
are inspired by perturbation theory in which for each perturbative order, the right hand sides of these
equations are estimated using quantities from one perturbative order lower. Thus, they constitute an
iterative set of equations from zero order (free) model in which Qµ = 0, up to higher orders. This
approach is not suitable for dark energy where we ignore, not only interactions but also the free model.
Therefore, in place of (90) we use the following general expression:
T µνm ;ν = −Qµm, T µνϕ ;ν = −Qµϕ, T µνint ;ν = Qµm +Qµϕ (91)
In these equations matter and dark energy tensors T µνm and T
µν
ϕ have the same expression as in the
absence of interaction, but with respect to fields which are not free (dressed fields). These expressions
can be justified by considering the effective Lagrangian. In Einstein frame the Lagrangian for a weakly
interacting system can be divided to free and interaction parts:
L =
∑
i
Li + Lint (92)
Considering only local interactions, in the dynamics equations of fields the partial derivative of Lint
with respect to each field determines the interaction term. Dynamics equations can be related to
energy-momentum conservation equations (90) [16]. Therefore, interaction currents Qµm and Q
µ
ϕ are
generated by partial derivatives of Lint with respect to the corresponding interacting fields.
The scalar field in scalar-tensor modified gravity models is related to a dilaton. Consequently, the
interaction term in these models is proportional to the trace of matter because it appears in the
Lagrangian along with the metric. In this case, there is no interaction between the scalar field and
relativistic particles, and it can be shown that Qµm = −Qµϕ [117] and T µνint ;ν = 0. The interaction
current Qµ for these models can be written as:
Qµ = C(ϕ)Tm∂µϕ (93)
where Tm = gµνT
µν
m is the trace of the energy-momentum tensor. In the literature interaction current
of interacting dark energy models is usually considered to be like in (93). Therefore, we classify models
with this type of interaction as modified gravity. In interacting quintessence models the interaction
can be more diverse, notably it may depend on matter species. Below we present a phenomenological
description for them without considering details of the underlying model.
In quantum field theory, interactions can be easily included in the Lagrangian of the model. But
this approach is usually useful if the microphysics of the model is studied. To be able to compare
models with data, in observational cosmology we need macroscopic descriptions. For this reason, one
usually uses fluid descriptions for fields. The transformation of the Lagrangian written with respect to
fields to a fluid description is straightforward and energy-momentum tensor of interactions can be also
described in fluid form without any ambiguity. However, their descriptions as a function of density
and pressure of fluids depend on the details of interactions. For instance, a Higgs-like interaction
between a scalar and a fermion ∝ ϕψ¯ψ is described as ∝ (ρψ − Pψ)(ρϕ − Pϕ)1/2 if the self-coupling
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potential V (ϕ) ∝ ϕ2, and as ∝ (ρψ − Pψ)(ρϕ − Pϕ)1/4 if V (ϕ) ∝ ϕ4. Therefore, when the objective
is a general parametrization of interactions without considering details of the underlying model, this
type of description is not very suitable.
A macroscopic description of the Lagrangian alone is not sufficient for describing microscopic processes
which need the Boltzmann equation. In fact, it is well known that Boltzmann equation plays the
role of the intermediate between quantum and classical description of interacting systems. Species
are described by their phase space distribution f(p, x) where p and x are respectively momentum
and spacetime coordinates. Interactions are included in the equation as collisional terms, and one
can obtain energy-momentum and number conservation equations directly by using properties of the
Boltzmann operator, see e.g. [118]. In the context of interacting dark energy models, the simplest
examples of collisional terms are elastic scattering between dark matter and dark energy, and slowly
decay of dark matter with a small branching ratio to dark energy similar to the model explained
in section 34. Finally, after some simplifying approximations, we find following expressions for the
interaction terms of dark energy and dark matter component:
T µνm ;ν ≈ −Γmnµm +Amsnµmuϕρnρϕ ≡ Qµm (94)
T µνϕ ;ν ≈ Γϕnµm +Aϕsnµϕumρnρm ≡ Qµϕ (95)
where constants Γi and Ais are decay width and scattering amplitude for species i. In the rest of
this section we use these equations as an approximation for energy-momentum conservation equations
irrespective of dark matter type (its spin) and details of interaction between two dark components.
These details affect constants Γi and Ais which are used as parameters. One can also add dark matter
self-annihilation term to (94). But, as it is proportional to |nm|2 its effect is significant only in dense
regions and small spatial scales such as the central region of dark matter halos which are in nonlinear
regime and were not studied in [114].
5.4 Parameters of background cosmology in interacting models
Now that we have interaction terms for the two main classes of interacting dark energy models we can
determine Fi parameters defined in (81).
• Modified gravity Using the energy momentum conservation equation (91) and the interaction
current for modified gravity models, the scalar field equation and the evolution equation of the
homogeneous matter density are determined [117]:
ϕ¯′′ + 2Hϕ¯′ + a2Vϕ(ϕ¯) = a2C(ϕ¯)
∑
i
(ρ¯i − 3P¯i), H = a
′
a
(96)
ρ¯′i + 3H(ρ¯i + P¯i) = C(ϕ¯)ϕ¯′(ρ¯i − 3P¯i) i = m, b, h (97)
where barred quantities are homogeneous components and ϕ in subscript means derivative with
respect to ϕ. Note that here we have generalized the original calculation in [117] by considering
a ϕ-dependent C(ϕ¯) coefficient in the right hand side of these equations rather than the constant
value of models C =
√
4πG/3 for f(R) models [117]. Equations (96) and (97) are coupled and an
analytical solution cannot be found without considering an explicitly V (ϕ). Therefore, to solve
the equation for ρ¯, which is in fact the only directly observable quantity, we simply consider the
right hand side of the equation as a time-dependent source. The solution of equation (97) can
be written as:
ρ¯i(z) = ρ¯i(z0)(1 + z)
3(1+wi)e(1−3wi)F (ϕ¯), F (ϕ) ≡
∫
C(ϕ¯)dϕ, i = m, b, h (98)
4In models where energy is transferred from dark energy to dark matter, the interaction must be nonlinear and very
sophisticated such that a very light quintessence field be able to produce massive dark matter particles. At present no
fundamental description of interactions in these models is available.
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where wi ≡ P¯i/ρ¯i for all species except dark energy are assumed to be constant. Comparing this
solution with (81) we find:
Fi(z) = e(1−3wi)F (ϕ¯(z)) ≈ 1 + (1− 3wi)F (ϕ¯(z)) (99)
• Interacting quintessence In the same way, we can determine Fi coefficients for (interacting)-
quintessence using equation (94). After taking some approximations discussed in detail in [114],
the evolution equation of densities in interacting quintessence models becomes:
ρ¯′i + 3H(ρ¯i + P¯i) = −Γiaρ¯i +Asiaρ¯iρ¯ϕ (100)
where i indicates any cold matter or relativistic species that interact with quintessence field. A
clear difference between interaction term in (100) and (97) is that the former does not explicitly
depend on the scalar field, and therefore we do not need to know and solve a field equation
similar to (96). The solution of this equation and corresponding Fi’s are:
ρ¯i(z) = ρ¯i(z0)(1 + z)
3(1+wi) exp
(
Γi(τ(z) − τ(z0)) +Asi
∫
dz
ρ¯ϕ(z)
(1 + z)H(z)
)
(101)
Fi(z) = exp
(
−Γi(τ(z) − τ(z0)) +Asi
∫
dz
ρ¯ϕ(z)
(1 + z)H(z)
)
≈ 1 + Γi(τ(z0)− τ(z)) +
Asi
∫ z
z0
dz
ρ¯ϕ(z)
(1 + z)H(z)
(102)
where τ(z) is the age of the Universe at redshift z. Note that even in absence of expansion, the
density of dark matter at high redshifts (large distances from us) is higher if Γm > 0.
Along with consistency relation explained above for modified gravity models, explicit dependence of
(102) on measurable quantities ρ¯ϕ(z) and H(z) apriori allows to discriminate between interacting
quintessence and modified gravity models. However, the prior knowledge about the evolution of these
quantities are mandatory for distinguishing the underlying model and without such information one
cannot single out any model.
5.5 New parametrization of perturbations in interacting dark energy models
The criteria proposed in this section for distinguishing between modified gravity and interacting
quintessence models are based on their interactions. Therefore, we expect different evolution for
matter anisotropies and dark energy density in these models. In fact, if we could decompose the inter-
action current to terms proportional to scalar metric perturbations and matter density fluctuations,
it were possible to distinguish between models easily. However, in practice measured quantities are
the power spectrum of matter perturbations and its growth rate f(z, k) defined as:
f(z, k) ≡ d lnD
d ln a
=
δ′m
Hδm , D ≡
δm(z, k)
δm(z = 0, k)
(103)
The function f(z, k) is usually extracted from the power spectrum using a model [119], for instance a
power-law for the primordial spectrum, modified to include Kaiser effect and redshift distortions due
to the velocity dispersion.
To obtain the evolution equation of f(z, k), we replace gravitational potentials ψ and φ by expressions
depending only on δm ≡ δρm/ρ¯m and θm ≡ ikjvj(m). Assuming a negligible anisotropic shear at
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z . O(1) which concerns galaxy surveys, scalar metric perturbations ψ and φ can be determined from
Einstein equations:5
ds2 = a2(η)
[
(1 + 2ψ)dη2 − (1− 2φ)δijdxidxj
]
(104)
φ = ψ =
4πGρ¯m
k2
(
δm + 3(1 + wm)
Hθm
k2
)
+∆ψ (105)
φ′ = −4πGρ¯mH
k2
(
δm + (3 +
k2
H2 )(1 + wm)
Hθm
k2
)
+∆φ′ (106)
(107)
In (105) and (106) terms that vanish for ΛCDM model are included in ∆ψ and ∆φ′. They can be
described as a function of two new quantities ǫ0 and ǫ1:
ǫ0 ≡ δρϕ
ρ¯m
, ǫ1 ≡ H(ρ¯ϕ + P¯ϕ)
1
2 δϕ
ρ¯m
(108)
∆ψ =
4πGρ¯m
k2
(ǫ0 − 3ǫ1), ∆φ′ = −4πGρ¯mH
k2
(
ǫ0 − (3 + k
2
H2 )ǫ1
)
(109)
After replacing φ′ and ψ in the evolution equation of matter and velocity perturbations we can deter-
mine the evolution of growth rate which can be directly measured from galaxy distribution:
f ′H + f(H′ +H2) + f2H2 + 3(C2sm − wm)(H′ + fH2) + 3(C2sm − wm)H2 +
3
2
Ωm(1 +wm)
2H2 + k2C2sm + E0fH+ E1k2 +E2H + E3H2 +E4 = 0 (110)
Coefficients E0, E1, E2, E3, E4 depend on z, k, equation of state of matter, sound speed, and
parameters related to the interaction in the dark sector. The details of their expression can be found
in [114]. For ΛCDM model Ei = 0, i = 0, · · · , 4. For a non-interacting quintessence model all
Ei coefficients are zero except E3. A notable difference between modified gravity and interacting
quintessence models is the coefficient E1 which is strictly zero for interacting dark energy models and
nonzero for modified gravity which leaves an additional scale dependent signature on the evolution
of matter anisotropies. The other explicitly scale dependent term is common among all models and
is expected to be very small because it is proportional to the square of sound speed which is very
small for cold matter. In addition, in contrast to other Ei coefficients, E1 and E3 are dimensionless.
Evidently, the contribution of E1k
2 term in equation (110) with respect to other terms increases with
k, i.e. at shorter distances. But, nonlinearity effects such as mode coupling also increase at large k.
They can imitate an interaction in the dark sector and lead to misinterpretation of data. For this
reason, simulations show that observations of galaxy clusters is a good discriminator between dark
energy models [120], because they are still close to linear regime, but have relatively large k.
Discriminating quality of a survey can be estimated by the precision of E1 and E3 measurements.
However, one expects some degeneracies when equation (110) is fitted to determine Ei’s. Moreover,
in galaxy surveys, f and f ′ (or more precisely df/dz) are determined from the measurement of the
power spectrum, itself determined from the galaxy distribution, and H and H′ are determined from
the BAO feature of the spectrum. Thus, these measurements are not completely independent. An
independent measurement of H and H′ e.g. using supernovae will help to reduce degeneracies and
error propagation from measured quantities to the estimation of Ei’s. The relation between H′ and
B(z) shows the logical connection between the parametrization of background cosmology and the
5In this section for the sake of simplicity of notation we consider that Fi’s factors for species are included in wi’s, i.e.
(1 + z)3γiFi is redefined as (1 + z)
3γi(z) and wi is obtained from (82) using this redefined γi. Therefore, for interacting
dark energy models wm is nonzero and in general depends on redshift.
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evolution of fluctuations, specially in what concerns discrimination between dark energy models. In
fact, anisotropies depend on the equation of state of matter, which in the framework of interacting dark
energy models, is modified by its interaction with dark energy. Thus, their independent measurements
optimize their employment in the procedure of distinguishing among various models.
5.6 Interpretation and comparison with other parametrizations
Definition of parameters ǫ0 and ǫ1 in (108) show that the former depends only on dark energy density
anisotropies and the latter only on the peculiar velocity of dark energy field, i.e. on its kinematics.
They follow each other closely and approach zero when the field approaches its minimum value. How-
ever, their exponent close to the minimum depends on the interaction. Therefore, their measurements
give us information about the potential and interactions of the scalar field. Moreover, the difference in
the dependence of the evolution equation of anisotropies and growth factor to these parameters shows
that only by separation of kinematics and dynamics of dark energy it would be possible to distinguish
between modified gravity and other scalar field models.
The deviation of gravity potentials φ and ψ from their value in ΛCDM ∆ψ is the quantity which can
be measured directly from gravitational lensing data. For this reason, various authors have used ∆ψ
to parametrize the deviation of models and data from ΛCDM [121]. However, equations (105) and
(109) show that although ∆ψ 6= 0 is by definition a signature of deviation from ΛCDM, in contrast to
claims in the literature, it is not necessarily the signature of a modified gravity because quintessence
models, both interacting and non-interacting, also induce ∆ψ 6= 0.
Because we have used Einstein frame for both quintessence and modified gravity models, in absence
of an anisotropic shear φ = ψ even in models other than ΛCDM. At linear order, gravitational lensing
effect depends on the total potential Φ ≡ φ+ ψ. Therefore, in Einstein frame:
Φ = 2φ = 2ψ = ΦΛCDM + 2∆ψ, ΦΛCDM ≡ 4πGρ¯m
k2
(
δm + 3(1 + wm)
Hθm
k2
)
≡ 4πGρ¯m
k2∆m
(111)
In the notation of [121] Φ = 2ΣΦΛCDM, thus:
Σ = 1 +
∆ψ
ΦΛCDM
=
ǫ0 − 3ǫ1
k2∆m
(112)
The other quantity which affects the evolution of lensing and directly depends on the cosmology is
the growth factor of matter anisotropies which determines the evolution of ∆m defined in (111). This
quantity can be obtained from integration of growth rate f defined in (103) and is usually parametrized
as Ωγm. For ΛCDM γ ≈ 0.55 [122]. In this respect there is no difference between our formulation and
what is used in the literature.
Our parametrization can be related to parameters η and Q used in the literature [121]: η ≡ (ψ−φ)/φ
and Q = φ/φΛCDM. Thus, parameters Σ and η are not independent and Σ = Q(1 + η/2). In Einstein
frame η = 0 unless there is an anisotropic shear. At first sight it seems that there is less information
in Einstein frame about modified gravity than in Jordan frame. However, one should notice that in
Einstein frame the fundamental parameters are ǫ0 and ǫ1 and other quantities such as ∆ψ and f can
be expressed with respect to them. Therefore, the amount of information in Einstein and Jordan
frames about modified gravity is the same. The advantage of the formulation in Einstein frame and
parameters ǫ0 and ǫ1 is that they can be used for both quintessence and modified gravity. Moreover,
they have explicit physical interpretations that can be easily related to the underlying model of dark
energy. Comparison of our parametrization with few others proposed recently can be found in [114]. In
our knowledge no other parametrization of the gross factor comparable to Ei’s exist in the literature.
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5.7 Outline
We proposed a nonparametric formalism to determine the sign of w+1 in the equation of state of dark
energy which has crucial importance for discrimination between a cosmological constant, quintessence
and phantom dark energy models. We showed that it is a better discriminator and less sensitive to
uncertainties of other cosmological parameters and the noise in the data than fitting procedures of
continuous parameters.
We parametrized the evolution of homogeneous and perturbations of the constituents of the Universe
for modified gravity and interacting quintessence models. We have showed that when the interaction
is ignored in the data analysis, the effective value of parameters are not the same if we calculate them
from Friedmann equation or from a function proportional to the redshift evolution of the total density.
We defined a quantity that evaluates the strength of the interaction. Its observational uncertainty can
be used to estimate the quality of cosmological surveys in what concerns their ability to discriminate
among dark energy models. Additionally, we obtained a new parametrized description for the evolution
equation of the growth rate of matter anisotropies which can be used for discriminating between
ΛCDM, modified gravity and interacting quintessence models.
6 A note on the backreaction of perturbations as the origin of dark
energy
In Fig. 1 there is a separate set of models called dark energy as a back-reaction. Their common
aspect is that they associate the accelerating expansion of the Universe not to a new energy content
but to the back-reaction of anisotropies of matter distribution assumed not being properly taken into
account in cosmological models [123, 124, 125]. Many authors have commented against these models,
see e.g. [126]. [13] gives a non-technical summary of main arguments against the possibility of an
enough large back-reaction being able to explain the observed dominant contribution of dark energy
in the expansion of the Universe.
Our argument against the claims of [123, 124] is very simple. Very small amplitude of the CMB
anisotropies which include the largest accessible scales to electromagnetic probes, proves that at large
scales the deviation from homogeneity of matter and energy distribution is very small. In this case
to determine the average expansion rate of the Universe we can expand the two sides of the Einstein
equations with respect to fluctuation scale (or the spectrum in Fourier space):
〈G(0)µν 〉 = 8πG〈T (0)µν 〉+ 8πG〈T (1)µν + T (2)µν + . . .〉 − 〈G(1)µν +G(2)µν + . . .〉 (113)
It is crucial to emphasis that in this expansion by definition:
〈Tµν〉 = T(0)µν or 〈Gµν〉 = G(0)µν (114)
The validity of one of the conditions in (114) is necessary because we must have a reference point
with respect to which we determine deviations from homogeneity. We have presented both relations
because their application depends on the physical quantities which are measured. The first condition
is applied when the distribution of matter is observed. The second one must be applied when the
expansion rate i.e. the geometry of the Universe is measured. Under the assumption of perturbative
fluctuations:
Kµν ≡ 8πG〈T (1)µν + T (2)µν + . . .〉 ∼ O(ǫ)→ 0, Kµµ ∼ δ ≡
δρ
ρ
≪ 1 (115)
〈G(0)µν +G(1)µν + . . .〉 = 8πG〈T (0)µν + T (1)µν + . . .〉 (116)
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The expression (115) is the necessary condition for a perturbative expansion, and its applicability
here is in accord with observations. Based on (114) and mathematical definition of a perturbative
expansion, the terms of the same order in the two sides of the equation (116) must be equal. In this
formulation the error made by considering zero-order terms in (116) is at most of order δ ≪ 1 which
cannot explain a dark energy roughly 2.5 folds larger than matter component.
However, in equation (10) of [123] the condition (114) is violated:
G(0)µν = 8πG〈Tµν〉 − 〈G(1)µν 〉. (117)
In this expansion it is not clear how perturbative terms are related to nonperturbative quantities.
Evidently, in this case it would be always possible to choose perturbative terms such that the term
〈G(1)µν 〉 be enough large to explain the acceleration of the Universe. The caveat in the above argument
can be the effect of limited volume of observations, at most as large as the horizon. Based on this issue,
it was claimed that super-horizon modes can explain the apparent accelerating expansion. Moreover,
because at small scales δ ≫ 1, other authors [125] have claimed that accelerating expansion can be
due to error in averaging sub-horizon anisotropies.
The average value of an arbitrary scalar quantity ψ(X, t) in a constant-time volume VD is defined
as [125]:
〈ψ〉D ≡ 1
VD
∫
VD
d3XJψ, J =
√
|det gij |, VD ≡
∫
VD
d3XJ (118)
Therefore, a finite volume has the effect of a spherical window function, and the average value of
anisotropies can be expressed as:
〈δ2〉D =
∫
D
d3xJδ2(x) =
∫
d3kP (k)sinc(kix
i
D) (119)
∆ ≡ 〈δ2〉D − 〈δ2〉∞ =
∫
d3kP (k)sinc(kix
i
D)− P (k = 0) (120)
where xiD is a characteristic size scale of the volume VD in the direction x
i. For instance, for a cube
parallel to the coordinate axes, it is the length of the edge parallel to axis i. When the spectrum
of inhomogeneities is scale-independent, from properties of sinc function we can conclude that the
contribution of modes k ≫ 1/xD i.e. inhomogeneities at scales much smaller than XD are negligible.
In fact in [125] it is proved that only in a highly curved universe these modes can induce a large
constant term similar to dark energy.
The contribution of each mode in the range of 0 < k < 1/XD is proportional to 1/k. Therefore, in the
case of a scale-independent spectrum where statistically averaged value of δ(k) is mode independent,
the integral over these modes after renormalization of IR divergence is a sub-dominant logarithmic
term ∝ log x−1D and in an inflationary universe where xD →∞ is very small. This confirms the results
of [126] and shows that the right hand side of:
〈∂tδ〉D − ∂t〈δ〉D = 〈θδ〉D − 〈θ〉D〈δ〉D (121)
which has been claimed to be the origin of apparent accelerating expansion, is very close to zero.
Therefore, the assumption of commutation between time and space averaging is a good approxima-
tion. Indeed, the difference between integration in a finite and an infinite volume decreases with the
expansion of the Universe, in contrast to dark energy behaviour which becomes more dominant with
time. Note that the argument given here is only based on the statistical properties of inhomogeneities
and perturbative anisotropies has not been assumed. Many authors have gone to lengthy demonstra-
tion to show that the effect of backreaction is small. Nonetheless, we believe that (117) is the origin
of confusion and falsifies all the calculations based on this ambiguous expansion. This point was also
remarked and raised by other authors see e.g. [127].
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7 Conclusion
In this review we presented various aspects of the origin of the accelerating expansion of the Universe
and fundamental problems that it imposes on our understanding of physics and cosmology. By con-
sidering the problem both from fundamental and quantum field theoretical view, and classically, we
showed that some of the suggested explanations such as vacuum energy or backreaction of anisotropies
have serious difficulties to be the cause of the observed phenomenon. We reviewed a new vacuum state
in which the expectation value of number operator for all modes is zero independent of the space-
time reference frame used for definition of modes. The presence of such state assures that it makes
sense to talk about an empty space in quantum field theory, although it may be an abstract state
that never existed. On the other hand, the Universe may be filled by condensates of quantum fields
which symmetries prevent to acquire a large effective mass, and thereby they have quintessence-like
behaviour. Phenomenological and non-equilibrium quantum field theoretical study of these models
show that they can replace a cosmological constant and may have late time behaviour very close to
the latter. Only additional insight to particle physics of the dark sector may provide sufficient criteria
to distinguish between these models and a simple cosmological constant.
A subject which is not covered in this review is the adiabatic instability of some interacting quintessence
models [134] which constrains some interacting dark energy models, notably quintessence models
with negative exponential potential. We have already discussed that models with such a potential
are not physically motivated, because despite having small couplings, they do not have a scattering
interpretation. On the other hand, the class of models discussed in this review can have polynomial
potentials of positive order with well defined scatting interpretation. Moreover, the relation between
density of dark matter and amplitude dark energy and their effect on the expansion rate induces a
self-control process which suppresses instabilities.
Further investigations, both theoretical and numerical simulations, are necessary the understand quan-
tum physics of quintessence models, and its relation with inflation. On the theoretical side, it is
necessary to extend the formulation of the evolution of condensate to full Kadanoff-Baym equations
- 2-Particle Irreducible (2PI) expansion, and should include the evolution of expansion rate in a con-
sistent manner. Moreover, calculations must be extended to the epoch of dark energy dominance at
redshifts . 1 which corresponds to about half of the age of the Universe. Such a study is crucial
for understanding the nature of dark energy because during this epoch the expansion of the Universe
becomes even faster and more challenging for the survival of a quintessence condensate. The study
of such a complicated formulation is only possible through numerical simulations. analytical results
reviewed in this article could be obtained only under various simplifying approximations. This project
is a work in progress [100]. Finally, more realistic models rather than simple toy models reviewed
here should be investigated and detectable accelerator and astro-particle physics signatures should be
identified.
Models considered here for studying the evolution of condensates are prototypes of processes that,
according to our present understanding of the physics of the early Universe, had occurred irrespective of
the unknown details of high energy particle physics. One of the most notable outcome of these studies
is the significant role of quantum nature of dark energy in its survival in an expanding Universe. This
finding can have other consequences. For instance, dark energy may be the ultimate environment for
decoherence of other quantum systems in the Universe. Furthermore, the inferred symmetries deeply
routed in the foundation of a quantum universe [135] may have a prominent role in the formation
of the fabric of spacetime and eventually direct us toward a unified model of gravity and quantum
mechanics [136, 137].
The goal of phenomenological aspects of dark energy models summarized here has been discrimination
among candidate models. For this purpose, we proposed a new set of parameters useful for modeling
data to distinguish among three principle category of models. However, many other tasks remain
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to accomplish and explore. Nonlinear regime of LSS has been extensively studied using techniques
such as expansion to nonlinear orders of perturbations [138], effective field theory [139], and peak
statistics [140] and its bias [141]. However, these works usually for a cosmological constant as dark
energy and do not consider other possibilities. Although some studies investigate the effect of mas-
sive neutrinos, interaction between them components is ignored. This omission smears signature of
interaction between dark energy and other component which is necessary for discriminating between
models. On the other hand, parametrisation of cosmological observables reviewed here for discrimi-
nating is based on linear perturbations, and only applicable to large distant scales. However, models
classified as modified gravity according to definition given in Sec. 5.3 have distinguishable imprints at
intermediate and short distances. At these scales nonlinear effects such as bias in the peak distribution
and dark matter-baryon bias become important and may be confused with exotic models or smear
their signals. Therefore, it is necessary to extend the formulation to nonlinear regime. Furthermore,
secondary effects such bias due to microlensing and what is called relativistic effects on LSS [142]
should be understood and taken into account in the estimation of cosmological parameters ans search
for the underlying dark energy model.
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